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Abstract
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1 Introduction

The generalized Hexanacci sequence {W, (Wo, Wi, Wa, Ws, Wy, Ws;r, s,t,u,v,y) }n>0 (or shortly
{Wh}n>0) is defined as follows:

Wn = 'I"Wn—l + SWn72 + th73 + Uanél + /UWn75 + yWn76, (11)
Wo = co,Wi=c1,Wa=c2, Wa=c3,Wy=cq,Ws=c¢5,n>6

where Wy, Wi, Wo, W3, Wa, W5 are arbitrary real or complex numbers and r,s,t,u,v,y are real
numbers. The sequence {W, },>0 can be extended to negative subscripts by defining

v U t s r 1
an == 77W7n+1 - 7W7n+2 - 7W7n+3 - 7W7n+4 - 7W7n+5 + *W7n+6
Yy Yy Yy Yy Yy Y

for n =1,2,3,... when y # 0. Therefore, recurrence (1.1) holds for all integer n.Hexanacci sequence
has been studied by many authors, see for example [1,2,3] and references therein.

Table 1. A few special case of generalized Hexanacci sequences

No Sequences (Numbers) Notation References
1 Generalized Hexanacci (Vo= {Wa(Wo, W, Wa,Wa, Wy, Wei1,1,1,1,1,1)} 4
2 Generalized Sixth order Pell Vel = (Wa(Wo, Wi, Wo,Wg, Wy, We:2,1,1,1,1,1)} 5
3 Generalized Sixth order Jacobsthal (v} = {w (W, Wy, Wa, W Wy We:l,1,11,1,2)} 6
4 Generalized 6-primes Vo) = (W, (Wo, Wy Wo, Wy, Wy, W;:2,3,5,7,11, 13)} 7

For some specific values of Wy, Wi, Wo, W3, Wy, W5 and 7, s,t,u,v,y it is worth presenting these
special Hexanacci numbers in a table as a specific name. In literature, for example, the following
names and notations (see Table 2) are used for the special cases of 7, s, ¢, u, v,y and initial values.

Table 2. A few members of generalized Hexanacci sequences

Sequences (Numbers) Notation OEIS [8]  Ref
Hexanacel {H, b= {W_(0,1,1,2,4,81,1,1,1, 1, 1)} AD01592 I
Hexanacci-Lucas {Epb={W,(6,1,3,7,15,31;1,1,1,1,1, 1)} A074584 4
sixth order Pell (P = (W (0,1,2,5,13,34,2,1,1, 1,1, 1)} 5
sixl;h ordfzr Pell-Lucas {Qi“":' b= {W,(6.2,6,17,46,122:2, 1.1, 1.1, 1)} 5
qulged éil}it‘}]l ortl:ljcihl:’{l,lll {r—;';lt':'\} ={W,(0,1,1,2,8,25;2,1,1,1,1,1)} [05.)]
sixth order Jacobstha I =W 0,1,1,1,1,151,1,1,1,1,2) .
sixth order Jacobsthal-Lucas {;{"316"1} i {&i’n{nz, 1,5,10,20,40;1,1,1, 1, 1,2}}} [6,9]
modified sixth order Jacobsthal (EE)y = (W, (3,1,3,10,20,40;1,1,1,1,1,2)} 6
sixth-order Jacobsthal Perrin (Y = (W ,(3.0,2,8,16,32:1,1,1, 1,1, 2)} 6
adjusted sixth-order Jacobsthal (S8 =W 0,1,1,2,4,81,1,1,1,1,2)} 6
modified sixth-order Jacobsthal-Lucas (R = (W, (6,1,3,7,15,31;1,1,1,1,1,2)} G
G-primes (G} ={W ,(0,0,0,0,1,2:2,3,5,7, 11,13} 7
Lucas 6-primes {H,} = {W (6,2, 10,41,150, 542; 2, 3,5,7, 11, 13)} 7
modified 6-primes {E,}={W,(0,0,0,0,1,1;2,3,5,7,11,13)} 7

For easy (w)riting, from now on, we drop the superscripts from the sequences, for example we write
P,, for Pn6 .

We present some works on summing formulas of the numbers in the following Table 3.
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Table 3. A few special study of sum formulas

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [10,11,12],[13,14]
Generalized Fibonacci [15,16,17,18,19,20,21]
Generalized Tribonacci [22,23,24]
Generalized Tetranacci [25,26,27]
Generalized Pentanacci [28,29]
Generalized Hexanacci (30,31]

In this work, we investigate summation formulas of generalized Hexanacci numbers.

2 Sum Formulas of Generalized Hexanacci Numbers with
Positive Subscripts

The following theorem presents some summing formulas of generalized Hexanacci numbers with
positive subscripts.

Theorem 2.1. Let x be a real (or complex) number. For n > 0 we have the following formulas:

(a) If s2® +tx® +uz® + v2® + 2%y +rx — 1 £ 0 then

= k _@1(35)
2 W= g

where

O1(z) = 2" Whys — (rz — Da ™ Woga — (522 + 72 — Da" B Wogs — (sz? + t2® + rz —
1):E"+2Wn+2 — (s:r2 + it +uzt +re — l)x"HWnH + yz" W, — 25Ws + x4(m: —1)Wa +
23 (s2® + re — V)Ws + 2?(s2? + ta® + re — )We + 2(s2® + ta® + ua® +rz — )Wy + (s2? +
tz® 4 uz* + v’ +rr — D)W

and

O(z) = sx? + tz® + ux* + vz’ + 2%y +rz — 1.

(b) If r’z + 2ua® + 223y — s%x? 4 t%2% — w2 + v2a® — 2% + 25z + 2rta® + 2rva® — 2sux® +
2tvzt — 2sxty — 2uady — 1 # 0 then

Z 2" Way, = O2(z)
JANY
k=0

where

O2(z) = — (uz® + 2%y + sz — 1) 2" T Wanio + (t + rs +vx + ra’y + ruz)z" T Wan g + (u+
o —ula? 4+ 0% — x4y2 +rt+zy+ 2tvz? — sx2y — 2ux3y +rvr — sux)x”+2W2n + w+ru+
tr?y — svx + tuz + roy) s TP Wan_1 + (y +v22? — 2392 +rv —uzly + tvx — szy)z" T2 Wan_o +
y(r +vz? +tx)a" 2 Way—s — 23 (r +v2® + tx)Ws + 2% (r’z + ua?® + 2%y + sx +rtx? +roa® — 1)
Wy — 23 (t+ vz — sva? +ra’y +ruc — ste)Wa +2(r’e +ua® + 23y — s20? + 203 + 250 4 2rta® +
ror® — sux® + tvat — szty — 1)Wa — 2® (v — wva® + ta®y — sve + ray) Wi + (rizc 4 2uz® +
22y — 20 + 22 — Pt + 0%2® + 25z + 2rta? + 2rva® — 2sua® + vzt — sty — uaty — 1)
Wo,

and

A1 =72z + 2ux? + 223y — s%a? + 223 — wPat + 0%’ — 2%y? + 2sx + 2rta® + 2rva® — 2sux® +
2tvat — 2sxty — Quxly — 1.
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(c)

If rPx +2ua® + 223y — s2a? + t22% — w2zt +v%ab — 252 + 252+ 2rta® + 2rva® — 2sux® + 2zt —
2szty — 2ua’y — 1 =0 then

- S}
D& Wa = 72(‘%)
k=0 1

where

O3(z) = (r + va? + tx)z" M Wania + (s — s%z + 2%y + t22? — u?2® + vzt — 2% + ux +
roz? — 2sux? + 2tvr® — 2sm3y — 2ux4y + rtx)m"HWgnH + (t+vz— svr? + rm2y + rux — stz)
2" W, + (u— w?a? + 0?3 — 2ty + zy + tve? — say — 2uady +rox — suav)ac"+1 Wan—1+(v—
wor? +trly—svedrry)z" T Wan—a—yz" T (uz® + a3yt sz —1) Wapn—s+2° (uz? 423 y+sz—1)Ws
— 23 (t+rstvetra?y+rur) Wat+z(rletur? + o3y — 222 4 25+t +roa® — sux® —sxty—1)
W3 — 2® (v + ru + tay — svz + tux + msy) Wa + (r2w + 2uz? + 23y — 22 4+ %3 — P2t +
2sx 4 2rtz? + rox® — 2suz® + tva? — szty — urSy — )Wy — 23y(r 4+ va? + tz) Wo.

Proof.

(a) Using the recurrence relation

If we

(a)-

Wn =rWhp_1+sWy_o+tWy_3+uW,_g+ovWy_5+yW,_¢

YWhn_6 =Wn —rWp_1 —sWy_o —tWy_3 —uW,_4 — oWy _5

we obtain
yzOWO = IUWG — ’I‘(EOW5 — szUW4 — tzOW3 - uzOW2 - szWI
ylel = x1W7 - r:chG — sx1W5 - tx1W4 — ux1W3 — mcIWQ
y12W2 = ac2W8 — rz2W7 — 53:2W6 — tz2W5 — uz2W4 — 'uz2W3
yz?’Wg = ;vBWg — rz3W8 — SCL‘BW7 — tzSWG - quWE) - szW4
yzn74Wn,4 = CL‘”74Wn+2 — rzn74Wn+1 — szn74Wn — tzn74Wn,1 — uzn74Wn,2 - vzn74wn,3
yz"‘3wn,3 = zn_SWn+3 — rzw'_3Wn+2 — szn_3Wn+1 — tzn_swn — uzn_swn,l — va:"_SWn,Q
ym"72Wn,2 = xanWn+4 — m:"72WH+3 — sx"iQW"+2 — tx"72W7L+1 — uxn72Wn — vxn72W1L71
yzn71W7L71 = In71Wn+5 — rzn71WT,V+4 — szn71Wn+3 - tzn71Wn+2 - uz”71Wn+1 — vznilwn
yaz" Wy, = Ian+6 — rann+5 - sann+4 — tzn'Wn+3 - uan,H_g — ’UIan+1

add the equations side by side (and using W, 1.6 = rWy 15 + sWy 14 +tWyi3 +uWiypo +0vWyi1 + yWy, , we get

Using the recurrence relation

Wp=rWp_1+sWy_o+tW,_3+uWy_g+ovW,_5+yW,_¢

TWp_1=Wpn —=sWy_o —tWy,_3 —uWp_g —vW,_5 —yWy_s

we obtain

T

Mc1W3 = w1W4 - SIL‘1W2 — tw1W1 — u:cIWo — v:cIW,l - yaclw,g
mc2W5 = 12W6 - sx2W4 — thW;; - uacZWQ - vxzwl —yWo
'rzSW7 = 13W8 — 513W5 - tz3W5 — uz3W4 — vz3W3 — y13W2
'rz4W9 = z4W10 - sz4W8 - t:r4W7 — u:v4W6 — ’L)£E4W5 — yz4W4
" MWanor o= 2" 'Wap —s2™ T T Wap_o — ta™ T Wy g — ue” T ' Wap_y — e T Wap g — y2" T ' Wap_g
n n n n n n n
re Want1 = = Wapgo — sz Wap —to Wapn_1 —uz Wap_o —ve” Wap_3 —yz Wan_y
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Now, if we add the above equations side by side, we get
0 = k 0 1 = k—1
(=" Wi+ Y @ Wapy1) = (@ "Wapgo —a Wa—a Wo+ > a1 W) (2.1)
k=0 k=0

n n
0 k 1 k1
—s(—2®Wo + D aFWap) — t(—2" T Wappr + 3 P T W)
k=0 k=0

n
1 k41 42 1
—u(—z" T W + Y TIWap) — (=2 PP Wapg1 — ™ T Wap g
k=0

n
1 k42
+atWog + >0 PP W)
k=0

n
—y(—a" TP Way — " Wop o + 2 Woo + Y &My
k=0

Similarly, using the recurrence relation

Wn =rWp_1+sWy_o+tW,_3+uW,_g+ovWy_5+yW,_¢

TWh1=Wp —sWy_g —tWy,_3 —uWy_y — oWy _5 —yWy_g

we write the following obvious equations;

rlez = 11W3 - szlwl — tzlwo — uzlw,l - UIIW,Q — yzlw,g
7‘3:2W4 = x2W5 - sa:2W3 - tx2W2 — ux2W1 — Uw2W0 — yxZW,l
rz3W6 = m3W7 — 513W5 — tz3W4 — uz3W3 — vz3W2 — yzgwl
n—1 n—1 n—1 n—1 n—1 n—1 n—1
T Wapn—2 = = Wap—1 — sz Wap—3 — tx Wap—4 —ux Wan—5 —vae Wan—6 — yz Wan—7
n n n n n n n
re Wap = x Wapyr —sz Wapoq —te Wap_o2 —uz Wap_3 —ve" Wap_gy —yz Wap_5

Now, if we add the above equations side by side, we obtain

n n n
0 k 0 k 1 k41
r(—a"Wo+ > a"Wa,) = (—z"Wi+ > & "Wapqr) — s(—a" T Wapn 1 + Sa ' Wakt1) (2.2)

k=0 k=0 k=0

n
—t(—a" T Way, + > T wyy)
k=0
2 1 1 O\ k2
—u(—z" TP Wap 1 — e T T Wap 1 + 2t Woy + Soa TP Wart1)
k=0

n
—o(—2" T2 Wap — 2" T W o + o' Woo + 3 2P F2Way)
k=0

n+3 n+2 nt1
—y(=z" 3 Wang1 — 2" PP Way g — 2" Wy, g

n
+3:1W,3 +3c2W,1 + Z xk+3

k=0

Wak+1)

Then, solving the system (2.1)-(2.2), the required result of (b) and (c) follow. O

3 Special Cases

In this section, for the special cases of =, we present the closed form solutions (identities) of the
sums Y p_o 2" Wi, Sop_ o War and 37 _, 2" Wayy 1 for the specific case of sequence {W,}.

3.1 The case z =1

In this subsection we consider the special case x = 1.
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The case x = 1 of Theorem 2.1 is given in Soykan [31, Theorem 2.1]. For the generalized 6-primes
sequence case (x = 1,r =2,s=3,t =5,u=7,v =11,y = 13), see [7].

We only consider the case x = 1,7 =1,s =1,t =1,u = 1,v = 1,y = 2 (which is not considered in
[31]).

Observe that setting x = 1,r = 1,s = 1,t = 1,u = 1,v = 1,y = 2 (i.e. for the generalized
sixth order Jacobsthal sequence case) in Theorem 2.1 (b), (c) makes the right hand side of the
sum formulas to be an indeterminate form. Application of L’Hospital rule however provides the
evaluation of the sum formulas.

Theorem 3.1. If r = 1,s = 1,t = 1,u = 1,v = 1,y = 2 then for n > 0 we have the following
formulas:
(@) Yr oWk =g(Wnis — Ways — 2Wnio — 3Wni1 + 2Wo — W5 + Wa + 2Wa + 3W1 + 4Wh).

(b) Yo Wa = %((n+4)W2n+2_2(n+3)W2n+1+(10+n)W2n_2(n+3)W2n71+(n+7)W2n72_
2(71 =+ 3)W2n_3 +4Ws — OWy4 + 4W3 — 6Wo + 4W7 — 3W0).

() Yh_oWars1 = s(=(n+ 2)Wanya +2(n + T)Wani1 — (n + 2)Wan + (2n + 11)Wan—1 — (n +
2)Wan—2 4+ 2(n+ 4)Way—3 — 5Ws + 8Wy — 2W3 + 8Wa + Wi + 8Wp).
Proof.
(a) We use Theorem 2.1 (a). If we set z = 1,7 =1,s = 1,t = 1,u = 2 in Theorem 2.1 (a) we get
(a).
(b) We use Theorem 2.1 (b). If we set r = 1,5 =1,¢{ = 1,u = 2 in Theorem 2.1 (b) then we have

= k - g1(x)
I;m ok = G T D - D@t 2 112

where

gi(z) = fx”+1(2x3 + 224z — 1)Wapnio + "2 (2x2 + 2z 4+ 2)Wapt1 — x"+2(4x4 +32% +
22 — 31 — 2)Wan + m"+2(2m2 + 2z + 2)Wan—1 — x"+2(4m3 + 2 +x— 3)Wan—2 + 2zt
(> + 2+ D)Wapz —23(@® + 2+ D)Ws + 22323 + 222 + 20 — DWWy — 23(2® + = + 1)Ws +
(—z* +32° + 222 + 3z — D)Wo — 23 (2® + 2+ )W + (—2° — 2* + 32% + 327 4 32 — 1) W
For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule. Then we get (b) using

- _ dx
2" = T e D )|

(n 4+ 4)Want2 — 2(n 4+ 3)Wapt1 + (10 + n)Wap, — 2(n + 3)Wap—1
+(n+ TWan_2 —2(n + 3)Wan_3 + 4Ws5 — OWy + 4W3 — 6Wo + 4W1 — 3W).

(c) We use Theorem 2.1 (c). If weset r =1,s =1,t = 1,u = 2 in Theorem 2.1 (c) then we have

- k _ g2(x)
kzzox Wokl = L T - D@+ 2 £ 172

where

g2(z) = 2" (2® +z + 1)Want2 + x”“(—llxs —3z* — 323 + 222 + . + D)Wapyy + 2"
(xz +z+1)Way, — x"+1(4x4 + 323 + 222 — 22 — D)Wap_1+ :E”"H(x2 +x+1)Wapo — gttt
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(2553 +2’4+z—1)Wan_s +x2(2m3 +xi+r— 1)Ws— 3 (222 4+ 2z + 2)W, +x(—2w4 +2x3 + 2%+
3z — 1)Ws — 2®(222 4 22+ 2)Wa + (—22° — 22" 4+ 22% + 322 + 3z — D)W — 223 (22 + 2+ 1) W
For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule. Then we get (c) using

n a
ZW2k+1 = 4 iz (92(2) 2 2
o dr (CMlz—D(@-D(@+a>+1)%)|
1
= 3 —(n+2)Wanya +2(n + 1) Wany1 — (n+ 2)Wan + (2n + 11)Wapn 1

(
—(n+2)Wan—2 +2(n + 4)Wap_3 — 5Ws + 8Wy — 2W3 + 8Wa2 + Wy + 8Wh).
O

Taking W,, = J,, with Jo =0,J1 =1,Jo =1,J3 =1,Js = 1,J5 = 1 in the last Theorem, we have
the following Corollary which presents sum formulas of sixth-order Jacobsthal numbers.

Corollary 3.2. Forn > 0, sizth order Jacobsthal numbers have the following properties:

(a) ZZ:() Jk = %(Jn+5 - Jn+3 - 2Jn+2 - 3Jn+l + 2Jn + 5)

(b) > i Jor = é((n +4)Jont2 — 2(n 4 3) Jony1 + (10 + n)Jo2n — 2(n + 3)Jon—1 + (R + 7)Jon—2 —
2(’” + 3)J2n73 - 3)

(c) Yp_oJ2kt1 = %(—(n+2)J2n+2 +2(n+7)Jont1 — (n+2)Jon + (2n+11)Jopn—1— (n+2)Jon—2+
2(n —+ 4)J2n_3 —+ 10)

From the last Theorem, we have the following Corollary which gives sum formulas of sixth order
Jacobsthal-Lucas numbers (take W, = j, with jo = 2,j1 = 1, j2 = 5, j3 = 10, j4 = 20, j5 = 40).

Corollary 3.3. For n > 0, sixth order Jacobsthal-Lucas numbers have the following properties:

(a) ZZ:() Jk = %(jn+5 — Jn+3 — 2jnt2 — 3jny1 + 2jn — 9).

(b) ZZ:O Jor = é((n + D jont+2 — 2(n + 3)jon+t1 + (10 + n)jon — 2(n + 3)jon—1 + (R + 7)jon—2 —
2(TL —+ 3)j2n_3 — 12).

() Yh_odeks1 = g(—(n+2)jant2 +2(n+ 7)jant1 — (n+2)jon + (2n+ 11)j2n—1 — (n+2)jon—2 +
2(71 + 4)j2n—3 — 3)

Taking W,, = K,, with Ko =3, K; =1, Ky = 3, K3 = 10, K4 = 20, K5 = 40 in the last Theorem, we
have the following corollary which presents sum formula of modified sixth order Jacobsthal numbers.

Corollary 3.4. For n > 0,modified sizth order Jacobsthal numbers have the following property:

(a) Z::o Ky = %(Kn+5 — Kn+3 — 2Kn+2 — 3Kn+1 + 2K, — 9)

(b) Yo Ko = %((n+4)K2n+2 —2(n+3)Kant1+ (10+n)Kon —2(n+3)Kan—1+(n+7)Kopn_2 —
2(77, =+ 3)K2n_3 — 3)

(c) >rioKory1 = %(—(n + 2)Kont2 + 2(n + T)Kony1 — (n 4+ 2)Kon + (2n + 11)Kon—1 — (n +
2)K2n,2 + 2(7’L + 4)K2n,3 - 11)

From the last Theorem, we have the following corollary which gives sum formula of sixth-order
Jacobsthal Perrin numbers (take W, = Q» with Qo =3,Q1 =0,Q2 = 2,Q3 = 8,Q4 = 16,Q5 = 32).

Corollary 3.5. For n > 0, sixth-order Jacobsthal Perrin numbers have the following property:
(@) Yr 0@k = 2(Qnis — Qnis — 2Qni2 — 3Qni1 + 2Qn — 8).
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(b) >0 Q2 = :((n+4)Q2n+2 —2(n+3)Q2nt1+ (10+71)Q2n — 2(n+3)Q2n—1+ (n+7)Q2n—2 —
2(71 + 3)Q2n_3 — 5)

(€) S oQart1 = 5(—(n 4+ 2)Q2ny2 + 2(n + NQ2nt1 — (N + 2)Q2n + (2n + 11)Q2n—1 — (n +
2)Q2n—2 +2(n + 4)Q2n—3 — 8).

Taking W,, = S,, with So =0,51 =1,52 =1,53 = 2,54 = 4,55 = 8 in the Theorem, we have the
following corollary which presents sum formula of adjusted sixth-order Jacobsthal numbers.

Corollary 3.6. For n > 0, adjusted sizth-order Jacobsthal numbers have the following property:

(a) ZZ:O Sk = %(Sn+5 — Sn+3 — 2Sn4+2 — 3Sn41 + 25, — 1).

(b) Yh_oS2k = s((n+4)Sans2 — 2(n+ 3)S2nt1 + (10 +n)S2n — 2(n + 3)S2n—1+ (n+ 7)S2n_2 —
2(n + S)Sgnfg + 2).

(€) Yp_oS2ks1 = g(—(n+2)S2ni2+2(n+7)S2ns1— (n+2)S2n+ (2n+11)S2n—1 — (n+2)S2n—2+
2(77, =+ 4)52n73 — 3)

From the last Theorem, we have the following corollary which gives sum formula of modified sixth-
order Jacobsthal-Lucas numbers (take W,, = R, with Ry = 6,R1 = 1,Rs = 3,R3 = 7,R4 =
15, Rs = 31).

Corollary 3.7. For n > 0, modified sixth-order Jacobsthal-Lucas numbers have the following
property:
(a) ZZ:O Rk = %(Rn+5 - Rn+3 - 2Rn+2 - 3Rn+1 + 2Rn + 9)

(b) >r_o Ror = 2((n+4)Rant2 —2(n+3)Rant1 4+ (10+n)Ran — 2(n+3)Ran—1+ (n+ 7)Ron—2 —
2(n + 3)R2n73 — 15).

(c) Yr_oRokt1 = %(_(n+2)R2n+2+2(n+7)R2n+1 —(n+2)Ron+(2n+11)Ron-1—(n+2)Ron—2+
2(77, + 4)R2n_3 + 24)

3.2 The case z = —1

In this subsection we consider the special case x = —1 and we present the closed form solutions
(identities) of the sums 33 (—1)*Wi, S°p_(—1)"Way, and 37 _(—1)*Way41 for the specific case
of the sequence {W,}.

Taking r = s =t =u =v =y = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 3.1. Ifr=s=t=u=v =y =1 then for n > 0 we have the following formulas:
(a) 22:0(_1)kwk - (_1)n (Wn+5 - 2Wn+4 + Wn+3 - 2Wn+2 + Wn+1 - Wn) - WS + 2VI/4 - WS +
2Wo — Wy + 2W.

(b) ZZZO(—I)kw% = %((—Un (2Wapt2 — Wapt1 — 2Wop—1 — 3Wap_o — Wap_3) — W5 + 3Wy —
AWo — W1 + 3W()).

(c) ZZZO(—l)kW2k+1 = %((—1)71 (Want2 + 2Wapt1 — Wan—1 + Wap—2 + 2Wap_3) + 2W5 — Wy —
5Ws3 — 2Ws + 2W71 — Wh).

From the above Proposition, we have the following Corollary which gives sum formulas of Hexanacci
numbers (take W, =H, with Hy = O, H, = 1,H2 = 1,H3 = 2,H4 = 4, Hs = 8)

Corollary 3.8. Forn > 0, Hezanacci numbers have the following properties:
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(@) S o(=1)*Hp = (=1)" (Hnys — 2Hpta + Huys — 2Hny2 + Hug1 — Hy) — 1.
(b) i o(=1)*"Har = ((—1)" (2H2nt2 — Hans1 — 2Han—1 — 3Han_o — Han_3) — 1).
(C) EZZO(—l)kHQkJrl = %(( 1) (Han+2 + 2Hont+1 — Hon—1 + Hopn—2 + 2H2p—3) + 2).

Taking W,, = E,, with Fy =6,F; =1,FEy =3,F3 =7,F4 = 15, F5 = 31 in the above Proposition,
we have the following Corollary which presents sum formulas of Hexanacci-Lucas numbers.

Corollary 3.9. Forn > 0, Hexzanacci-Lucas numbers have the following properties:

(a) 22:0(_1 ( 1)” ( n+5 — 2En+4 + En+3 - 2E’n+2 + E’n+1 - En) + 9.

(b) ZZ:O(_U Ea, = é(( 1)" (2F2n42 — Eant1 — 2E2n—1 — 3E2n—2 — Eap—3) + 19).

() i o(-1)*Eopyr = L((-1)" (E2n+2 + 2F2nt1 — Ban—1 4 Ean—2 + 2E2,_3) + 2).

Taking r = 2,s =t =wu = v = y = 1 in Theorem 2.1 (a), (b) and (c), we obtain the following
Proposition.

Proposition 3.2. Ifr=2,s=t=u=v =y =1 then for n > 0 we have the following formulas:

(a) Zk: O( Wk ((_1)n (Wn+5 - 3Wn+4 + 2Wn+3 - 3Wn+2 + 2Wn+l - Wn) - W5 + 3W4 -
2Ws3 + 3W2 — 2W1 + 3W0)

(b) Zk o(—1 W2k: ((-Dn (Want2 —Wang1 —Won—1 —2Wap_o — Wap_3) — W5 +3W4 —3Wa +

3Wo).
(c) ZZ:O(_l)kWQkJ+1 = i((—l)n (Wapto + Wany1 — Wapn—1 + Wop_3) + W5 — Wy — 4W5 — W +
2W1 — Wo).

From the last Proposition, we have the following Corollary which gives sum formulas of sixth-order
Pell numbers (take W, = P, with Py = 0, P, = 1, Py = 2,Ps = 5, P, = 13, P; = 34).

Corollary 3.10. For n > 0, sizth-order Pell numbers have the following properties:
(@) Yroo(=1)* Py = 5((=1)" (Pu+s — 3Pata + 2Pus3 — 3Pus2 + 2Pat1 — P) — 1),
() Yio(=D*Por = 1((=1)" (Pan+2 — Pont1 — Pon—1 = 2Pon—2 — Pan—3) — 1).
(€) S o(-1)"Pary1 = ((=1)" (Pans2 + Pant1 — Poan—1 + Pan—3) + 1).

Taking W,, = Q, with Qo =6,Q1 = 2,Q2 = 6,Q3 = 17, Q4 = 46, Q5 = 122 in the last Proposition,
we have the following Corollary which presents sum formulas of sixth-order Pell-Lucas numbers.

Corollary 3.11. For n > 0, sizth-order Pell-Lucas numbers have the following properties:

(a) 22:0(_1)ka = %(( 1)n (Qn+5 - 3Qﬂ+4 + 2Qﬂ+3 - 3Qn+2 + 2Qﬂ+1 - Qn) + 14)-
(b) S (=1 Qo = 1((—1)" (Q2nt2 — Q2nt1 — Q2n-1 — 2Q2n—2 — Q2n—3) + 16).

(c) ZZZO(—l)’“szH i(( 1" (Q2nt2 + Q2nt1 — Q2n—1 + Q2n—3)).
Observe that setting z = —1,r =1,s = 1,t = 1l,u = 1,v = 1,y = 2 (i.e. for the generalized sixth
order Jacobsthal case) in Theorem 2.1 (a), makes the right hand side of the sum formulas to be

an indeterminate form. Application of L’Hospital rule however provides the evaluation of the sum
formulas.

Theorem 3.12. Ifr =1,s = 1,t = 1l,u = 1,v = 2,y = 2 then for n > 0 we have the following
formulas:
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(@) Sieo(—D)* Wi = 5(=(=1)" (n + 5)Wnis + (=1)" 2n + )Waia — (=1)" (n + 2)Wnys +
2 (—1) (n + 3)Wn+2 — (—1)” (n — 1)Wn+1 +2 (—1)” (n+ G)Wn +5Ws5 — 9OWy4 4+ 2W3 — 6Wo —
W1 — 3Wo).

(b) Z’Z:O(*l)kWQk = Tlo((fl)n (3W2n+2 - 2W2n+1 +3W2n - 2W2n—1 - 7W2n—2 - 2W2n—3) - W5 +
AWy4 — W3 — 6Wo — Wy + 4W0).

(c) Zzzo(*l)kWQkﬁ-l = 11*0((*1)“ (Wanty2+6Wap 1+ Wap —4Wap 1+ Wap—o +6Way—3) + 3Ws5 —
2W4 — TW3 — 2Wo + 3W7 — 2Wo).

Proof.
(a) We use Theorem 2.1 (a). If we set r =1,s =1,t = 1,u = 2 in Theorem 2.1 (a) then we have

LA B g93(x)
I;Ox Wi, = 2z —-D(x+1)(—z+22+ 1) (z+22+1)

where

g3(z) = 2" P Wois —a" M (e — D) Whpa —2" B (@ +2 - 1) Whps —2" P2 (2 + 2% 42— 1) Wigo —
(et +2® + 2%+ — D)Wagr + 22" TW, — 25Ws + 2tz — )Wa 4+ 23 (2% + 2 — )Ws +
(@4 - D)We (@ +2® 2%+ - D)W+ (2® +2* + 2 + 2% o — D)W,

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now,
we can use L’Hospital rule. Then we get (b) using
Sevwe - i) 2
P S(2z-DE+1)(—z+22+1)(z+22+1)) S
1

= ( (—1)" (n+5)Wnys + (—1)" (2n + 9)Wiia
(1) (0 2 W 2 (= 1)" (4 3 Wosz — (—1)" (0 — )Warra
+2(=1)" (n + 6)W,, + 5W5 — 9Wy4 + 2W5 — 6Wo — W1 — 3W)).
(b) Takez =—-1,r=1,s=1,t =1,u=1,v =2,y = 2 in Theorem 2.1 (b).
(¢) Takez = —-1,r=1,s=1,t =1,u=1,v =2,y = 2 in Theorem 2.1 (b). O
Taking W,, = J, with Jo =0,J1 =1,J2 =1,J3 =1,J4 = 1,J5 = 1 in the last Theorem, we have

the following Corollary which presents sum formulas of sixth-order Jacobsthal numbers.

Corollary 3.13. For n > 0, sizth order Jacobsthal numbers have the following properties:

(@) Yieo(=1)F Tk = (= (=1)" (n+5) Jnts+(=1)" (2n+9)Jnta—(—=1)" (n+2)Jnt3+2 (=1)" (n+
3) Jnss — (—1)" (0 — 1) Jpsr +2(=1)" (0 + 6)Jn — 9).

(b) Sr_o(=1)* o = 15((=1)" BJant2 — 2J2n 41 + 3J2n — 2J2n-1 — TJan—2 — 2J2n—3) — 5).
(c) >r_o(—1 ) Joks1 = 15 ((=1)" (Jant2 + 6J2n41 + Jon — 4J2n—1 + Jon—2 + 6J2n_3) — 5).

From the last Theorem, we have the following Corollary which gives sum formulas of sixth order
Jacobsthal-Lucas numbers (take W, = j, with jo = 2,j1 = 1,j2 = 5, j3s = 10, j4 = 20, j5 = 40).

Corollary 3.14. For n > 0, sizth order Jacobsthal-Lucas numbers have the following properties:

(@) Yro(=1) ik = (= (—1)" (0 +5)jnrs +(~1)" 20+ 9)jusa — (~1)" (4 Djnsa+2 (~1)" (n+
Btz — (—1)" (0 = Djns1 +2(=1)" (1 + 6)jn +3).

(b) S o(=1)%jor = 15((=1)" (Bj2n+2 — 2ant1 + 3j2n — 2f2n—1 — Tjon—2 — 2j2n—3) + 7).
(c) Z::o(* ) Jok+1 = %((*Un (Jon+2 + 6J2n+1 + Jon — 4j2n—1 + Jon—2 + 6j2n—3) — 1).

102



Soykan; ARJOM, 17(8): 93-118, 2021; Article no. ARJOM.68328

Taking j, = W, with Ko =3,K; =1, K2 = 3, K3 = 10, K4 = 20, K5 = 40 in the last Theorem, we
have the following corollary which presents sum formula of modified sixth order Jacobsthal numbers.

Corollary 3.15. For n > 0,modified sixth order Jacobsthal numbers have the following property:

(2) i~ Kk = 5(= (=1)" (n4+5) Knis+(=1)" (2n+9) Knya—(—1)" (n42) Knys+2 (=1)" (n+
NKniz— (=1)"(n—1)Kny1 +2(=1)" (n + 6)K, + 12).

(b) Y i o(—1)* Ky = 5 ((=1)" (38K2nt2 — 2Kony1 + 3Kan — 2Kan—1 — TKon—2 — 2Kan_3) + 23).

(€) Yh o(-1) " Kopyr = (=) (Kant2 4+ 6Kons1 + Kon — 4Kan—1 4+ Kan—2 + 6Kan—3) + 1).

From the last Theorem, we have the following corollary which gives sum formula of sixth-order
Jacobsthal Perrin numbers (take W, = Q, with Qo = 3,Q1 =0,Q2 = 2,Q3 = 8,Q4 = 16,Qs = 32).

Corollary 3.16. For n > 0, sizth-order Jacobsthal Perrin numbers have the following property:

(a) Yhoo(—1)Qr = (= (=1)" (n45)Qus5+(=1)" 2n4+9)Qnia—(=1)" (n+2)Qni3+2 (~1)" (n+
3)Qni2 — (=1)" (n = 1)@ns1 +2(=1)" (n+ 6)Qn + 11).

(b) Sr_o(=1)"Qar = 5((—1)" (3Q2n+2 — 2Qan+1 + 3Q2n — 2Q2n—1 — TQ2n—2 — 2Q2n—3) + 24).

() i o(=1)*Qant1 = 5(=1)" (Q2n+2 + 6Q2n+1 + Q2n — 4Q2n—1 + Q2n—2 + 6Q2n_3) — 2).

Taking W,, = S,, with So = 0,51 =1,52 =1,53 = 2,54 = 4,55 = 8 in the Theorem, we have the

following corollary which presents sum formula of adjusted sixth-order Jacobsthal numbers.

Corollary 3.17. For n > 0, adjusted sixzth-order Jacobsthal numbers have the following property:

(8) Yr_o(=1)"Sk = 5(— (=1)" (n+5)Sn+5+(=1)" (2049)Snra—(=1)" (n+2)Sn43+2 (—1)" (n+
3)Snt2 — (=1)" (n = 1)Sns1 +2(=1)" (n + 6)Sn + 1).

(b) > _o(=1)*Sar = =((=1)" (38S2n42 — 282n+1 + 3S2n — 282n—1 — TS2n—2 — 282n_3) — 1).

(€) S o(=1)*Saps1 = 15((=1)" (S2nt2 + 6S2n+1 + San — 4S2n—1 + S2n—2 + 6S2n_3) + 3).

From the last Theorem, we have the following corollary which gives sum formula of modified sixth-

order Jacobsthal-Lucas numbers (take W,, = R, with Ry = 6,R1 = 1,Rs = 3,Rs = 7,R4 =
15, Rs = 31).

Corollary 3.18. For n > 0, modified sizth-order Jacobsthal-Lucas numbers have the following

property:

(a) Yhoo(=1Ri = §(= (=1)" (n4+5) Rnys5+(=1)" (20+9) Rnya—(=1)" (n4+2) Rny3+2 (—1)" (n+
3NRny2— ()" (n—1Ruy1+2(-1)" (n+6)R, — 3).

(b) ZZ:O(_l)kRQk = %((‘Un (8R2n+2 — 2R2n+1 + 3R2n — 2R2p—1 — TR2n—2 — 2Ron_3) + 27).

(c) ZZZO(—l)kRQkH %((—Dn (Ran+2 + 6R2n+1 + Ron — 4Ron—1 + Ron—2 + 6Rapn—3) — 1).

Taking r = 2,5 = 3,t =
following proposition.

Ut

,u= 7,0 =11,y = 13 in Theorem 2.1 (a), (b) and (c), we obtain the

Proposition 3.3. Ifr=2,s=3,t =5,u="7,v =11,y = 13 then for n > 0 we have the following
formulas:

(a) ZZ:O(*l)ka = %((*Un (2Wht1 + 5Whio + 3Whis — Whgs + 13Wy) + W5 — 3W4 — 5Ws —
21 — IWp).

(0) r_o (=D "Wak = G ((=1)" (5Wany2—6Wani1+54Wap —31Wap—1 — 109Way o —52Wap, —3) —
4Ws + 13W4 + 6W3 — 8Ws — 3W5 + 17Wo).
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(c) ZZZO(—l)kW%H = 8%((—1)” (AWant2 + 69Wap 41 — 6Way, — T4Wap_1 4+ 3Way—o + 65Way—3
)+ 5Ws — 6Wy — 28W3 — 31W5 — 27TW1 — 52Wh).

From the last proposition, we have the following corollary which gives sum formulas of 6-primes
numbers (take W,, = G, with Go =0,G1 =0,G2 =0,G3 =0,G4 =1,G5 = 2).

Corollary 3.19. For n > 0, 6-primes numbers have the following properties:

(@) Yhoo(=1)FGr = ((=1)" 2Gn+1 + 5Gns2 + 3Gnta — Guys +13Gn) — 1).

(b) i o(=1)*Gar = & ((—1)" (5G2n+2 —6Gant1+54G2n —31G2n—1 —109G2n —2 —52G2n—3) +5).
(€) i o(=1)"Gart1 = 5 ((—=1)" (4G2n12+69G2n4+1—6Gan — T4G2n -1+ 3G2n—2+65G2n_3) +4).

Taking W,, = H, with Hy = 6, H1 = 2,Hs = 10,Hs = 41, H4 = 150, Hs = 542 in the last
proposition, we have the following corollary which presents sum formulas of Lucas 6-primes numbers.

Corollary 3.20. For n > 0, Lucas 6-primes numbers have the following properties:

(@) SYp_o(-1)F*Hp = 2((—1)" (2Hp41 + 5Hpt2 + 3Hpis — Hnys + 13H,) — 16).

(b) 0 o(—=1)*Hap = & ((—1)" (5Hant2—6Haps1+54Hzy —31 Hapy —109 Hzp— o —52Hoy_3)+44).

(c) Z)Z:O(Z)l)’“H%H = 5 ((=1)" (4Hz2n+2 + 69H2n 11 — 6Hap — T4Hop—1 + 3Han_2 + 65Ha2n 3
— 14).

From the last proposition, we have the following corollary which gives sum formulas of modified
6-primes numbers (take W,, = E,, with Ey =0,E, =0,F>, =0,E3 =0,E, =1,F5 = 1).

(
(

Corollary 3.21. For n > 0, modified 6-primes numbers have the following properties:

(@) Xroo(—1)*Er = 1((=1)" (2En+1 + 5En+2 + 3En+a — Enys + 13E,) — 2).
(b) o1 Ea = S((—1)" (5E2n42 — 6B2n41+54E2, —31F2, 1 — 109F2, 2 — 52E2,—3) +9).
(c) EZZO(—l)kEng = é(( )" (4F2n42+69F2,+1 —6E2, — 74Eon_1+3F2,—2+65F5,_3) —1).

3.3 The case z =1
In this subsection we consider the special case x = 1.

Taking ¢ = 4,7 =s =t =wu=v =y = 1 in Theorem 2.1 (a), (b) and (c), we obtain the following
proposition.

Proposition 3.4. Ifr=s=t=u=v =y =1 then for n > 0 we have the following formulas:

(@) Yoo Wi = =3 (" (iWais+(1—i) Wapa—(1420) Wit 3—2Wi 2 +iWo 1 = Wi ) —iWs — (1—i)
Wy + (14 20)Ws + 2Wo — iW7 — (1 — i) Wo).

(b) Shioi*Wak = 155 (1" (—2iWanto + (1420) Wapi1 4 (1430) Wap + (14+0) Wan -1+ (244) Wan—2 +
iWan—3) + Ws —3Wa + (1 — )W + (1 + 30)Wa — iW1 + (4 — 3)Wo).

(€) X i"Wars1 = m( "(Wanye + (1 +4) Wang1 + (1 —4) Wan + (2 —4) Wan—1 — iWan 2 —
2iWon_ 3)—2W5+(2—7,)W4+(2+32)W3+(1—2)W2+(5—2)W1 +Wo).

From the above Proposition, we have the following Corollary which gives sum formulas of Hexanacci
numbers (take W,, = H,, with Hy =0,H1 =1,H> =1,Hs =2, Hy = 4, Hs =38).

Corollary 3.22. For n > 0, Hexanacci numbers have the following properties:
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(@) YhoiHr = =55 (" (iHnts + (1 — i) Hnya — (14 20)Hyys — 2Hn g2 + iHny1 — Hp) — ).
(b) Yp_oi"Hor = %H(in(—2iH2n+2 +(1+2i)Hon 1+ (1430)Hap + (1+0)Hon 1+ (2+4)Hon—2+
iHon_3) — 1).

() >ro i*Hopp1 = ﬁ(i"(fbnmﬂ-(l + 1) Hont1+(1 — ) Hon+(2 — i) Hop—1—tHap—2—2iHapn—3)+
2).

Taking H,, = E, with Fo =6,FE1 = 1,F; = 3,E3 =7, F4 = 15, E5 = 31 in the above Proposition,
we have the following Corollary which presents sum formulas of Hexanacci-Lucas numbers.

Corollary 3.23. For n > 0, Hexanacci-Lucas numbers have the following properties:

(a) Y oi"Er = =5 (" (iBnts+(1—4)Enya— (142i) Ent3 —2En12+iEn i1 — En) 4 (—8+30)).

(®) >, i* Boy, = 4~1+i (" (—2iE2n42+ (14 2i) Eapnt1 + (1 +39) Eon + (14 9) E2n—1+ (24 @) Eapn—2 +
1F2n-3) + (20 — 57)).

() S0 oi"Bargr = 4_1‘_2- (i" (Bant2+(1 4+ 1) Fong1+(1 — @) Ean+(2 —4) Eap_1—iF2n_2—2iFon_3)+
(—4 + 29)).

Corresponding sums of the other sixth order generalized Hexanacci numbers can be calculated
similarly.

4 Sum Formulas of Generalized Hexanacci Numbers with
Negative Subscripts

The following Theorem presents some summing formulas of generalized Hexanacci numbers with
negative subscripts.

Theorem 4.1. Let x be a real (or complex) number. For n > 1 we have the following formulas:
(a) Ify+ra® + szt + ta® + ua® + ve — 2® £ 0, then
O4(x)

pOrATA—
Pt y + razd + szt + tad3 4+ ux? 4+ ve — 28

where

O4(z) = ="MW pnis + (r— )" W_pya + (s 7z — 22" W_ s + (t+r2? 4 sz — 2°)
"W o + (u + raz® + sx? + tx — x4)x"+1W,n+1 + (v + rzt + sx® + tx? + ux — :U5)
"W, +aWs — 2(r — 2)Wa + x(—s — 1z + 22)Ws + o(—t — 712% — sz + 2°)Wa + z(—u —

ra® — sx? —tx + 2 )Wi + x(—v — ra* — sz — t2® — ux + 2°)Wo.

(b) If —2s2® — 2uzx® —v?x — 223y — r?2® 4 s%a — t?0% + uPa? + o + 28 — 2rta? — 2rva® + 2sux® —
2tvx? + 2sxy + 2uxy # 0 then

Z "Wy = s(@)

where

Os5(z) = (—y — sr? — ux + xS)x"+1W,2,L+4 + 2" (tz? 4 ry + vz + sz + ruz)W_onis +
(—25:763 —ux? —r?2d 4522 sy — xy—|—x4 —rtx? —rvr+ sum)x"+1W_2n+2 + (v:c2 +ty+ruz® —
svx + tux + rey)e" T Wogn 11 + (=252t + ule — 2ua® — 2y — rizt + 522 — 22 fuy + 2t —
2rta® —rvr? 4 2sux® —tve+sey) e T W o,y (vt ra ) 2" T Wogs o1 —a (v ra? - ta) W+
(y+sz? +r2z? +rvtuz —2® +rte)Wa —z(tz? — sv+ry+vz +ruz — ste) Ws +x(2s2® + 22+
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uz? +r2z2® — s2a? +tv — sy+xy —at + 2rta® +rox— suz)Wa —z(vz? —uv+ty— svz+rzy)Wi+
w(2sx4 —ule42uz® +ariy+riet —s2ad +t2a? —uy+v? — 2+ 2rtad + 2rva? — 2sua? +2tvz—sy)
Who,

Ay = —2s2° — 2uz* — vz — 223y — r22® + s2at — 223 + w2 + o + 2% — 2rtat — 2rva® +
2sux® — 2tvae? + 2sax’y + 2uxy.

(c) If —2sa® — 2ux® —v?x — 223y — r?a® + s2x* — 122 +u2® +y? + 2% — 2rta® — 2rva® + 2sux® —

2tvz? + 252y 4 2uay # 0 then

- S}
St = O
k=1 2

where

O6(x) = (v+ra+tz)z" PP Woognra+(—y—sz® —r?z? —rv—uz+2® —rtz)s" T2 W_gp 13+ (tz? —
SU+TY+vx+rux — stm)m"+2W,2n+2 + (f2sm3 — %z —ux? — 223+ s%2% — tv+ sy — xy+m4 -
ortz? —TUI+SU£E)$”+2W72W+]_ + (vx2 —uv+ty— svw—i—racy):c"*zW,zn +y(—y— sx?— ux+:c3)
2" Woono1 +a(y + sz + ur — 2®) Wi — x(ta® + ry +vx +rse? 4 rux) Wy + x(2s2® 4 ua® +
r?e® — s22? — sy 4wy — 2t +rta’ + rox — sux)Ws — z(va? + ty + rux? — svx + tuz + roy) Wa +
x(23x4 —wlz+2ux® + 22y +rlat — 22 + 22? —uy — 2° + 2rta® + rvx? — 2sux? + tvx — szy)
W1 — xy(v 4 ra® 4 tx)Wo.

Proof.

(a) Using the recurrence relation

1 v u t s s
Wen=-W_nte6— —Wong1— —Wopnyo— —W_ i3 —W_pnja— —W_nys
Y Y Yy Y Y Yy

YW =W_nqe —mW_opnis —sWopya —tW_py3 —uW_ppo —oW_ppy

we obtain

yz"W_,, = IW'W_n+6 - TzW'W_n+5 - sz7lW_n+4 — tan_n+3 - uan_TH_Q — van_n+1
—1 —1 -1 -1 —1
ya" T Wy = 2" T Weopyr —ra" T T Woqe —sa" T W5 —ta" T T W_pnqy
—u:l)"il W,n+3 _ Um"71 W7n+2
yzniQW_n_*_g = In72W_n+g - rzn'72W_n+7 — szn'72W_n+6 — tzn72W_n+5
7uzn72W,n+4 — ’uzn72W,n+3
yzg W_3 = 13W3 — ra® Wy — SI3W1 - tEBWO — uzBW,l — vz® W_o
yzQW,g = 12W4 — rz2W3 — 512W2 — tz2W1 — u12W0 - 'UIQW,l
nylW_l = 11W5 77‘11W4 7511W3 7t11W2 7u11W1 71}11W0.
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If we add the above equations side by side, we get

y(> 2P w_y)

k=1

(_zn+1 W7n+5 _ zn+2 W7n+4 _ 171+3W,n,+3 _ In+4W,n+2 _ zn+5W7n+1

n
—a"TOW_, 4 2 Ws + 22 Wy + 2P W + 2 Wa + 2 Wy +25W + 3 2FTOw_y)
k=1

7'r(7zn+1W_n+4 — zn+2W_n+3 — :vn+3W_T,,+2 — zn+4W_n+1 — "W

n
+ztwy + I2W3 +13W2 +I4W1 +2°Wo + Z Ik+5W—k)
k=1

ntly, n42

—s(—=z —n43 — T Wengo — 2" T3W_pq — 2" Mw_,

n
+z1W3 + z2W2 +13W1 +z4W0 + Z Ik+4W,k)
k=1

n
7t(7z"+1W,n+2 — zn+2W,n+1 — zn+3W,n + z1W2 + z2W1 + z3W0 + Z zk+3W,k)

k=1
n
7u(7zn+1W,n+1 — mn+2W,n + 11W1 + m2W0 + Z zk+2W,k)
k=1
n
7v(7zn+1W_n + zlwo + Z zk+1W,k,)
k=1
and then the desired result follows.
(b) and (c¢) Using the recurrence relation
W_nte =mW_onis +sW_nia +tW_pnis+uW_pio + oWy +yW_y
i.e.
oW1 =Wopnye —mWongs —sWo s —tW_pyg3 —uW_pio —yW_,
we obtain
ve"W_gny1 = 2"We_oonie — 12" W_onys — st W onig —tz"W_oni3 —ua"W_onyo —ya" W_g,
v T Woonis = 2" T Weoogngs —ra™ T Woanir — 52" T Weoopye —ta" T T Weonys
—1 —1
—uz" T T W_oniq —yz" T We_anio
n—2 _ n—2 n—2 n—2 n—2
v W_onts = = W_2n410 — 1o W_2n49 — sz W_onts — tz W_ont7
—2 —2
—uz" T *W_oni6 —yz" “We_ani4
v;vBW_5 = zSWO - TmBW_l - SZESW_Q - tISW_;; — uzBW_4 - yzsw_g
U:vZW,g, = w2W2 — rw2W1 - sm2Wg - tac2W,1 - ux2W,2 — y:cZW,AL
vxIW,l = ach4 —m:IW;; —sa:IWQ —tmlwl —uxIWO —yacIW,z
If we add the above equations side by side, we get
- k
vy @ Wogpyy (4.1)

k=1

n
= (=" W_gnia — 2" PPW_gni0 — 2" TEW_o, + P Wo + 2 Wa + 2t Wy + > e TIW o)
k=1

n
k
—r(=a" T W g qs — 2" TP Wooniq + 2 Wa + 27 Wy + Sw T2W_op41)
k=1

n
—s(=a" T W_opyo — 2" PPW_g, + 22 Wo + 2" W + > P PIW_yy)
k=1

1 1 k41
—t(—2" T W_ g1 +2' Wy W o 40)

n
MW o) —u(YD 2*W_oop).
k=1

7u(7x"+1W,2" + mIWO +

n
+2
k=1
n
=
k=1

Similarly, using the recurrence relation

Weonte =mWeonis +sW_opnpa +tW_ iz +uW_pnio +oWopni1 +yWoyp
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i.e.
vW_pnt1 =W_opnye —mW_ongs —sWopig —tW_py3 —uW_pqo —yW_,

we obtain

ve"W_gp = a"W_opys —ra"W_onig — sz " Weopys —ta" W opio —uz"W_oni1 —yz" Weoon_1
02" T TW_ogpho = @™ T "Weongr —ra" T Weoonge — sz T T Weognas — te™ T ' Weopia
-1 —1
—ua" T T W_gpqs —yz" T W_ogny
n—2 _ n—2 n—2 n—2 n—2
vE W_ontsa = = W_on49 — 1 W_antg — sz W_ont7 —tz W_ante6
—2 —2
—uz" T W _opys —yz" T W_gpny3
v:cSW,G = xBW,l — mcSW,g - stW,g, — thW,4 — uacSW,g, - yxBW,7
vacZW,4 = :c2W1 — chWO - sa:ZW,l — ta:ZW,g — uac2W,3 - ya:QW,5
vzlw,g = 11W377‘331W275Z1W1 7t11W07u11W71 7y11W,3
If we add the equations side by side, we get
Nk 1 2 2 1 N k2
v > 2" Wogy = (—2" T Weoangs — 2" TPWon 1 + 27 W 42 Wa + Y 2 TP Wogp ) (4.2)
k=1 k=1

k42
"W _g)

NE

—r(=2" T W o, 0 — 2" TPW_g, + 2" Wa + 2% Wy +

k=1

n
k
—s(=a" T W_ o, 1 4+ 2t Wy + Sa TIW_op41)
k=1
k Nk
—t(—ae" T W_g, + 2" Wo + 2FTIW o) — ST P Wooki1)
k=1

\E

k

-

k—1
x W_2k41)-

NgE

—y(a"W_gp_1 —2"W_y +

Ed

1

5 Specific Cases

In this section, for the specific cases of x, we present the closed form solutions (identities) of the
sums > ;. z*W_y, >y *W_op and S he 2P W_gp41 for the specific case of sequence {Wr}.

5.1 The case x =1
In this subsection we consider the special case x = 1.

The case x = 1 of Theorem 2.1 is given in Soykan [31, Theorem 3.1]. For the generalized 6-primes
sequence case (x = 1,r =2,s=3,t =5,u=7,v =11,y = 13), see [7].

We only consider the case x = 1,r =1,s = 1,t = 1,u = 1,v = 1,y = 2 (which is not considered in
[31)).

Observe that setting z = 1,7 = 1,s = 1,t = 1,u = 1,v = 1,y = 2 (i.e. for the generalized
sixth order Jacobsthal sequence case) in Theorem 4.1 (b), (c) makes the right hand side of the
sum formulas to be an indeterminate form. Application of L’Hospital rule however provides the
evaluation of the sum formulas.

Theorem 5.1. If r = 1,s = 1,t = 1l,u = 1,v = 1,y = 2 then for n > 1 we have the following
formulas:

(a) Y W_p = %(*W—n-‘-s+W—n+3+2W—n+2+3W_n+1+4W—n+W5*W3*2W2*3W1*4W0)-
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(b) Y i Woa = %((n + D) Woonta —2(n+2)W_onys+ (n+4)W_opnio—2(n+2)W_opi1 + (7+
TL)W-Qn — 2(71 =+ 2)W_2n_1 + 2Ws5 — 3Wy4 + 2W3 — 6Wo + 2W; — 9WO)-

() S i Woopq1 = %(—(n +3I)W_oonta+ (2n+5)W_opnts — (n+3)W_onyo +2(n+4)W_g2n41 —
(n + S)ngn + 2(n + 1)W72n71 — W5 +4Wy — 4AW3 +4Ws — TW7 + 4W0).

Proof.

(a) We use Theorem 4.1 (a). If weset x = 1,7 =1,s = 1,t = 1,u = 2 in Theorem 4.1 (a) we get
().
(b) We use Theorem 4.1 (b). If we set r =1,s =1,£ = 1,u = 2 in Theorem 4.1 (b) then we have

= kai% _ ga(z)
kz:; (m—l)(x—4)(w+az2+1)2

where

ga(x) = —x(z + 22 + D(—2™(x — 2)W_opta — 22" W_opt3 — 2™ (—4x + 2 + 2)W_op42 —
20" W_ont1 — x™(—42? + 23 + 2)W_ap — 28" W_op1 + Ws + (z = 3)Wa + Wi + (22 +1 —
4z)Wo + Wi + (1 — 422 + 2*)Wo).

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule. Then we get (b) by using

i W = - £ (ga()) i
Pt H((mfl)(x74)(:ﬂ+m2+1))mzl
- %((n D) Wosnia — 200+ 2)Wosnss + (144 Wosnsa — 2(n + 2)W_snir
(T 4+ )W — 2(n 4+ 2)Woon_1 + 2Ws — 3Ws + 2Ws — 6Wa + 2W5 — 9W0).

(c) We use Theorem 4.1 (c). If we set r =1,s =1,t = 1,4 = 2 in Theorem 4.1 (c¢) then we have

- k gs5()
Zm W—2k+1 = 3
Pt (z—1(zx—4)(z+22+1)
where
gs(x) = —z(z + z2 + 1)(7$"+1W,2n+4 — ;c”“(m —3)W_ont3 — "MW oo — :c"+1(f4m +

72 + 1)W72n+1 — ‘TnJeran — Z:E"(m — 2)W72n71 + (m — 2)W5 +2Wy4 + (IQ +2— 4$)W3 =+
2Wo + (2 — 422 4+ 23) W1 + 2W0).

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule. Then we get (c) by using

W_oogy1 = 5
; * %((x—l)(m—ll)(m—i—x?—i—l))
1
9

r=1
(—(n+3)W_ania+ 2n+5)W_2n13 — (n+3)W_onia +2(n + )W_2, 1
(n+3)W_opn +2(n+ 1)W_op—1 — W5 + 4Wy — 4W3 + 4W2 — TW1 + 4W).

d

Taking Wy, = J, with Jo=0,J1 =1,J2 =1,J3 =1,Js = 1,J5 = 1 in the last Proposition, we have
the following Corollary which presents sum formulas of sixth-order Jacobsthal numbers.

Corollary 5.2. Forn > 1, sizth order Jacobsthal numbers have the following properties:

109



Soykan; ARJOM, 17(8): 93-118, 2021; Article no. ARJOM.68328

(a) ZZ:I Jfk = %(_J7n+5 + J7n+3 + 2J7n+2 + 3J7n+l + 4J7n - 5)

(b) Y J-o = é((n + D Jonta —2(n 4+ 2)J-ony3 + (n + 4)J—2n42 — 2(n + 2)J_ont1 + (7 +
n)J_Qn — 2(n + 2)J-2n_1 — 3)

() Yp_iJ-2kt1= %(—(ﬂ-f— 3)J onta+ (2n+5)J_oni3— (n+3)J-2nt2+2(n+4)J-2n+1 — (n+
3)J—2n + 2(TL + 1)J_2n_1 — 4)

From the last Theorem, we have the following Corollary which gives sum formulas of sixth order
Jacobsthal-Lucas numbers (take W, = j,, with jo = 2,751 = 1,j2 = 5, j3 = 10, j4 = 20, j5 = 40).

Corollary 5.3. Forn > 1, sizth order Jacobsthal-Lucas numbers have the following properties:

(a) > r j-r= %(—jfmrs + i3+ 2j—nt2+3j—nt1 +4j—n +9).

(b) Y i ij-ak= %((n-f— Dj—2n+a—2(n+2)j—2nt3+(n+4)j—2nr2—2(n+2)j_ont1+(74+n)j_2n —
2(71 —|— 2)j—2n—1 — 6)

() Yp_ij-2ks1= é(—(n +3)j-2nta+ (2n+5)j_2nt3 — (N 4+ 3)j—2nt2 + 2(n +4)j—2n+1 — (n +
3)j-an+2(n+1)j 2,1 +21).

Taking W,, = K,, with Ko =3, K1 =1, K2 = 3, K3 = 10, K4 = 20, K5 = 40 in the last Theorem, we
have the following corollary which presents sum formula of modified sixth order Jacobsthal numbers.

Corollary 5.4. For n > 1,modified sizth order Jacobsthal numbers have the following property:

(a) i K= %(_K7n+5 + K i3+ 2K _ni2+3K_ny1 +4K_, +9).

(b) Yo K ok =3(n+ 1)K 2n4a—2(n+2)K onis+ (n+4)K oni2 —2(n+2)K 2ng1 + (7+
n)K_gn — 2(71 + 2)K_2n_1 — 3)

() Yhi K ok1=3(-(n+3)K 2nta+ (2n+5)K 2n13 — (n+3)K ony2 +2(n+4)K _2n41 —
(n+3)K_2n +2(n+1)K_2n_1 + 17).

From the last Theorem, we have the following corollary which gives sum formula of sixth-order
Jacobsthal Perrin numbers (take W,, = Q, with Qo = 3,Q1 = 0,Q2 = 2,Q3 = 8,Q4 = 16,Q5 = 32).

Corollary 5.5. Forn > 1, sizth-order Jacobsthal Perrin numbers have the following property:

(@) Yr 1 Qx=g(-Qnis +Q ni3+2Q ni2+3Q nt1+4Q n +38).

(b) Y i Qo =3((n+1)Q 2044 —2(n+2)Q 2043+ (N +4)Q 2012 — 2(n +2)Q 2011 + (7T +
n)Q—2n —2(n +2)Q-2n-1 — 7).

(€) Sr 1 Qakt1=5(—(n+3)Q 2044+ (2n+5)Q 2013 — (N +3)Q 2012+ 2(n + 4)Q_2n41 —
(n+3)Q=2n +2(n+ 1)Q—-2n-1 + 20).

Taking W,, = S, with Sp = 0,51 =1,52 = 1,53 = 2,54 = 4,55 = 8 in the last Theorem, we have
the following corollary which presents sum formula of adjusted sixth-order Jacobsthal numbers.

Corollary 5.6. Forn > 1, adjusted sizth-order Jacobsthal numbers have the following property:

(a) > p  Sx= %(—wars + S 43 +2S_n42+3S_pt1 +4S_, +1).

(b) i 1 S—2k = (R +1)S—2nta — 2(n 4+ 2)S_2nt3 + (n 4+ 4)S_2n42 — 2(n + 2)S_2ns1 + (T +
Tl)S_Qn — 2(71 + 2)S_Qn_1 —+ 4).

() Yop_iS-2k41= é(—(n +3)S_onta+(2n+5)S_onts— (n+3)S_ont2+2(n+4)S_2nt1— (n+
3)S_2n +2(n + 1)S_2n_1 — 3).

From the last Theorem, we have the following corollary which gives sum formula of modified sixth-
order Jacobsthal-Lucas numbers (take W,, = R,, with Ry = 6,R1 = 1,R; = 3,R3 = 7,R4 =
15, Rs = 31).
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Corollary 5.7. For n > 1, modified sixth-order Jacobsthal-Lucas numbers have the following
property:
(a) Yoro iRk = %(—R—m-s +R_ni3+2R_ni2+3R_pny1 +4R_, —9).

(®) > r_Roox= é((n + DR _2n4a —2(n+2)R_2ny3+ (n+4)R_2nt2 — 2(n+2)R_2nt1 + (7T +
n)ngn — Z(n + Q)sznfl — 39).

(€) Spy Rook1 = s(—(n+3)R_znia+ (20 + 5)R_snys — (n + 3)Roansa + 2(n + 4)R_opt1 —
(n+3)R_2n +2(n+ 1)R 2,1+ 30).

5.2 The case z = —1

In this subsection we consider the special case x = —1.

Taking r = s =t =u =v =y = 1 in Theorem 4.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 5.1. Ifr=s=t=u=v =y =1 then for n > 1 we have the following formulas:
(a) 22:1(*1)kW—k =(=1)" (—W_ngs+2W_nqa — Wiz +2W_ o — W1 +2W_,) + W5 —
2Wy + W3 — 2Wo + Wy — 2Wy.

(b) 22:1(_1)]6“/7219 = %((_1)n (2W72n+4_W72n+3_5W72n+2_QW—2n+1 +2W72n—W72n,1)—|—
Ws — 3Wy + 4Wso + Wy — 3W()).

(€) Sr  (—1)*Weooppr = 2((—1)" (W-znta — 3W_snis + AW o1 + Weoon +2W_2,_1) — 2W5 +
W4+ 5W3 + 2Wo — 2W7 + Wo).

From the above Proposition, we have the following Corollary which gives sum formulas of Hexanacci
numbers (take W,, = H,, with Hy =0,H, =1,H, = 1,Hs = 2,Hys =4, Hs = 8).

Corollary 5.8. For n > 1, Hexanacci numbers have the following properties:
(@) Sr_ (-D)*H 4 = (—1)" (~H-py5 +2H _nys — H_nys +2H o — H_ny1 +2H_p,) + Hs —
2H, + Hs — 2H> + Hy1 — 2H,.

(b) ZZ:l(_]‘)kH72k) = %((-Un (2H_2n4a—H_op+3—5H o190 —2H opy1+2H 9, — H_2p_1)+
Hs —3H4+4H> + H1 — 3H0).

(c) Z:zl(—l)kH—zkH = é((—l)n (H-on4a —3H_opn4+3 +4H _2n41 + H_2n + 2H_2n—1) — 2H5 +
Hy+5H3 +2Hy — 2H1 + Ho).

Taking W,, = F,, with Fp =6,F; =1,Fy; =3,FE3 =7, Fy = 15, F5 = 31 in the above Proposition,
we have the following Corollary which presents sum formulas of Hexanacci-Lucas numbers.

Corollary 5.9. For n > 1, Hexanacci-Lucas numbers have the following properties:

(a) 22:1(_1)]6E7k = (_1)n (_E7n+5 + 2E77l+4 - E7n+3 + 2E7n+2 - E7n+1 + 2E77l) + E5 -
2F, + E3 — 2E> + E1 — 2Ey.

(b) Zzzl(*l)kE—Qk = é((*l)n (2F_9n4+4 — F_ony3—5FE _onyo —2E _opt1 +2E _9p — FE_on—1) +
FEs —3E4+4F> + E1 — SE()).

(c) Zzzl(—l)kE,ng = %((—Un (B—onta —3E_onys + 4E _opnt1 + E_on + 2E_2n1) — 2E5 +
FE4+5FE3+2F; —2FE7 + Eo).

Taking r = 2,s =t =u = v =y = 1 in Theorem 4.1 (a), (b) and (c), we obtain the following
Proposition.
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Proposition 5.2. Ifr=2,s=t=u=v =y =1 then for n > 1 we have the following formulas:

(@) Sp  (—DFW_p = 2((=1)" (—Wepgs + 3W_pps — 2W_pis + 3W_ppo — 2W_ i1 + 3W_y) +
Ws — 3Wy + 2W3 — 3Ws + 2W1 — 3Wo).

(b) Zzzl(_l)kw—% = i((_l)n (W_onta—W_ont3—4AW_opnio —W_opi1 +2W_op — W_op_1) +
Ws — 3Wy + 3Ws5 — 3Wo).

(€) Sr (1) *W_ooppr = 2((—1)" (We2nta—3W_oni3+3W_oni1+Weon_1) — W5+ Wi+4Ws +
Wy —2W7 + Wo).

From the last Proposition, we have the following Corollary which gives sum formulas of sixth-order
Pell numbers (take W, = P, with Po =0,P1 =1,P, =2,P; =5, P, =13, Ps = 34).

Corollary 5.10. For n > 1, sizth-order Pell numbers have the following properties:

(@) Sp  (—DFP_p = 2((=1)" (=P-nys5 + 3P-nys — 2P ny3 4+ 3P nio — 2P + 3P_) 4+ 1).
(b) Sr_ (1P gp = 2((—=1)" (P-2n+4 — Poony3 — 4P—2ny2 — Popi1 + 2P—2n — P_on_1) + 1).
(€) Yhoy (F1)*Poziir = ((—1)" (P-2044 — 3P-2n43 + 3P-2nt1 + Po2n1) — 1).

Taking W,, = @, with Qo =6,Q1 = 2,Q2 = 6,Q3 = 17, Q4 = 46, Q5 = 122 in the last Proposition,
we have the following Corollary which presents sum formulas of sixth-order Pell-Lucas numbers.

Corollary 5.11. For n > 1, sizth-order Pell-Lucas numbers have the following properties:

(a) Yro (=D Q- = 5(
(0) Zr i (=D*Q-2k = 1 ((-1)" (Q-2n+4— Q2043 —4Q-2n+2— Q—2011+2Q 20 — Q—2,-1) — 16).

Observe that setting x = —1,r =1,s = 1,t = 1,u = 1,v = 1,y = 2 (i.e. for the generalized sixth
order Jacobsthal case) in Theorem 4.1 (a), makes the right hand side of the sum formulas to be
an indeterminate form. Application of L’Hospital rule however provides the evaluation of the sum
formulas.

Theorem 5.12. Ifr =1,s = 1,t = 1l,u = 1,v = 2,y = 2 then for n > 1 we have the following
formulas:

(@) Sho ()W = (= ()" (n+ DWeopis + (=1)" 20 +3)W_pia — (=1)" (n+4)W_pi3 +
2(=D)" (n+3)Wongo — ()" (n+ TDW_ni1 + (=1)" 2n + W _,, + W5 — 3Wa + 4W5 —
6Ws +7TWy — 9Wo).

(b) Zz:l(—l)kw,% = Tlo((—l)n (BW_2n4a—2W_2ny3—=TW _2ny2—2W_ 2, 114+3W_2,—2W_2, 1)+
Ws — AWy + W3 + 6Wa + W1 — 4Wp).

(c) Z:Zl(*l)kW—Qk-&-l = %((*1)71 (W_anta—4W _on 1 34+W_2n 1 2+6W_2n 1+ W_ 2, +6W_2n_1)—
3Ws + 2Wy4 + TW3 + 2Wo — 3W1 + QWO).

Proof.

(a) We use Theorem 4.1 (a). If we set r =1,s =1,t = 1,u = 2 in Theorem 4.1 (a) then we have

W, = g5(2)
kZ:l:C W_i = 7(:572)($+1)(a¢+x2+1)(7$+m2+1)

where
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ge(z) = —z" W45 —:c"“(m— DW_pta FRPSLE (—x2 +z+1)W_pys +x"+1(—x3 +z4x+
DWeopnpe+a" M (=o' + 28 +2® o+ D)W +a" T (=2 +2t +2® + 2’ +o+ D)W, +aWs +
z(x—D)Wi—z(—z* + x4+ D)Ws —x(—2®* + 22+ 2+ D)We —z(—2* +2° + 22 + 2 + )W) —
o(—2® +2* + 2* + 2% + z + 1)Wh.

For z = —1, the right hand side of the above sum formula is an indeterminate form. Now,
we can use L’Hospital rule. Then we get (b) using

= k L (g6(x))

;(71) Wk L (C(@—2) @+ (e +a®+1)(—z +22+1))

= D A W s+ (1) (20 W
()" (A DWWz 2 (1) (04 B W gz — (<) (n 4+ DY Woni

+ (—l)n (ZTL =+ Q)an + W5 — 3Wy +4W3 — 6Wo + TW1 — 9W0).

r=—1

(b) Takez = —1,r=1,s=1,t=1,u =1,v =2,y = 2 in Theorem 4.1 (b).
(c) Takez = -1,r=1,s=1,t =1,u=1,v =2,y = 2 in Theorem 4.1 (b). O
Taking W,, = J,, with Jo =0,J1 =1,Jo =1,J3 = 1,Js = 1,J5 = 1 in the last Proposition, we have

the following Corollary which presents sum formulas of sixth-order Jacobsthal numbers.

Corollary 5.13. For n > 1, sizth order Jacobsthal numbers have the following properties:

(@) Sy (~DFJok = 5= (<) (04 DJnss + (1) (20 4+ 3)npa — (—1)" (0 + 4)Jonps +
2(=1)"(n+3)Jont2 — (=1D)" (n+7)Jpnt1 + (=1)" (2n+9)J_,, + 3).

(b) Sr (1) J ok = £ ((—-1)" (8J-2nt4—2J—2n43—TJ_2ns2—2J2nt1+3J_2n —2J_2n_1)+5).

(€) Sr (=1 J ok = 5 ((—1)" (Joznga —4J—2ni3+ Jontp2+6J 2ni1+ J_2n +6J_2n_1) +5).

From the last Theorem, we have the following Corollary which gives sum formulas of sixth order
Jacobsthal-Lucas numbers (take W, = j,, with jo = 2,j1 = 1,j2 = 5, j3 = 10, j4 = 20, j5 = 40).

Corollary 5.14. For n > 1, sizth order Jacobsthal-Lucas numbers have the following properties:

(@) Sy (=1 ik = (= (1" (0 + Djonss + (=1)" (20 + 3)jnra — (=1)" (0 + 4)jnrs +
2(=1)" (n 4 3)jonte — (—1)" (0 + T)jmngr + (~1)" (20 + 9)j_y — 21).

(b) S (1) ok = F5((=1)" (3j-2n+a — 2j-2n+3 — Tj—2n+2 — 22041+ 3j-20 — 2j-20-1) = 7).

(c) 22:1(—1)%721&1 = %((-Un (J—2nt4 —4j—2n+3 + j—2n42 + 6j—2n+1 + j2n + 6j_2n—1) + 1).

Taking j, = K, with Ko =3, K1 =1, K2 = 3, K3 = 10, K4 = 20, K5 = 40 in the last Theorem, we

have the following corollary which presents sum formula of modified sixth order Jacobsthal numbers.

Corollary 5.15. For n > 1,modified sizth order Jacobsthal numbers have the following property:
(@) Sy (—1)FK g = 3(= (=1)" (0 + D)Koy + (—1)" 20+ 3)K_npa — (1) (n+ K _nys +
2(-1)"(n+3)K_nt2— (-1)"(n+NNK_ny1 + (-1)" 2n+9)K_,, — 18).

(b) Z:z)l(_l)kazk = %((—1)71 (BK_—2n44—2K_9n43—TK _o9pnt2—2K _2p14+3K 2, —2K_2p_1)—
23).

(c) Z:: (*1)kK—2k+1 = %((*Un (K_onta—4K oni3+ K _on19+6K _on11+K_20,+6K _2,-1)—
1).

From the last Theorem, we have the following corollary which gives sum formula of sixth-order
Jacobsthal Perrin numbers (take K, = Qn with Qo =3,Q1 =0,Q2 = 2,Q3 = 8,Q4 = 16,Q5 = 32).
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Corollary 5.16. For n > 1, sizth-order Jacobsthal Perrin numbers have the following property:
(@) Xro (1) Q-k = (= (=1)" (n+ DQ—nts + (=1)" (20 + 3)Q—nta — (=1)" (n + 4)Q—nt3 +
21" (0 + 3)Q itz — (~1)" (0 + 1)@t + (—1)" (20 + 9)Q—r — 23).

(b) Sr i (—1)*Q 2k = 75((-1)" (3Q-2n14—2Q 2n13—7Q 2n42—2Q 2n11+3Q 2, —2Q 20 1) —
24).

(€) Sr i (-1)"Q 2ks1 = %((—1)71 (Q-2n+4—4Q—-2n4+3+Q—2n+2+6Q—2n+1+Q—2n+6Q_2n_1)+
2).

Taking @, = S, with Sp = 0,51 =1,52 = 1,53 = 2,54 = 4,55 = 8 in the Theorem, we have the
following corollary which presents sum formula of adjusted sixth-order Jacobsthal numbers.

Corollary 5.17. For n > 1, adjusted sixzth-order Jacobsthal numbers have the following property:

(@) S0y (—1)* Sk = H(— (=)™ (4 D)S-nss + (—1)" (20 + 3)Snia — (—1)" (0 + 4)S-nss +
2(=1)"(n+3)S—nt2— (=1D)" (n+7)S—pnt1+ (=1)" (2n +9)S_,, +5).

(b) S, (—1)FS 3 = 5 (=)™ (385 -2n+a—2S_2nt13—TS 2n42—25 2011435 2n—25 2,-1)+1).

(€) Sr i (—1)FS ok = (=) (S—2n4a—45_2ni3+ S 2n12+6S 2nt1+S 20 +65_2,-1)—3).

From the last Theorem, we have the following corollary which gives sum formula of modified sixth-

order Jacobsthal-Lucas numbers (take S, = R, with Rp = 6,R1 = 1,Rs = 3,R3 = 7,Rs =
15, Rs = 31).

Corollary 5.18. For n > 1, modified sizth-order Jacobsthal-Lucas numbers have the following
property:

(@) S0 (1R g = L= (~1)" (1 + DR s + (—1)" 20+ 3R nys — (—1)" (0 + )R nys +
2(—1)" (n+ 3Rz — (~1)" (0 + T)Resr + (-1)" (20 + 9) Ry — 51).

(b) ZZ=1(*1)kR—2k = 17]_0((71)71 (BR-2n4a—2R_2n13—TR_2n12—2R _on41+3R_2n—2R_2n-1)—
27).

(c) 22:1(_1)kR—2k+1 = %((-Un (R-2nta—4R _2n43+R_2n2+6R _oni1+R 2, +6R_2n_1)+1).

Taking r = 2,8 = 3,t = 5,u = 7,v = 11,y = 13 in Theorem 4.1 (a), (b) and (c), we obtain the
following proposition.

Proposition 5.3. Ifr=2,s=3,t=5,u="7,v =11,y = 13 then for n > 1 we have the following
formulas:

(a) 22:1(—1)}6W7k = i((—l)n (W_n+5 —3W_pqpa —BW_pyo —2W_, 41 — 9W_n) — Ws +3W4 +
5Wo + 2W1 + 9W()).

(b) Y (1) "W_ok = &((—=1)" (5W_2n4a — 6W_2ny3 — 28W_npni2 — 31W_gpnp1 — 2TW_2p, —
52W_2n_1) + 4Ws — 13W4 — 6W3 + 8Wo + 3W7 — 17W0).

(€) Sr  (—1)*Wookr = S((—1)" (4W_2n4a — 13W_2ny3 — 6W_2ny2 + 8W_ony1 + 3W_2n +
65W72n71) — 5Ws5 4+ 6Wy + 28W3 + 31Ws + 27TW7 + 52W0).

From the last proposition, we have the following corollary which gives sum formulas of 6-primes
numbers (take W,, = G, with Go =0,G1 =0,G2 =0,G3 =0,G4 = 1,G5 = 2).

Corollary 5.19. For n > 1, 6-primes numbers have the following properties:

(@) Yho (DG = 1((=1)" (G-nt5 = 3G—nt1 — 5G—pi2 — 2G—pni1 — 9G ) + 1).
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(b) Y (-1)*G_ar = &((—1)" (5G—2n4a — 6G_2n43 — 28G_2n42 — 31G_2n41 — 27G_2n —
52G _2n_1) — 5).

(€) Sr (1) Gsks1 = 55 ((—1)" (4G —2n44—13G_2n13—6G 21 42+8G _2n41+3G 2, +65G_25—1) —
4).
Taking G, = H, with Hy = 6,H1 = 2,H, = 10,Hs = 41, Hy = 150, Hs = 542 in the last

proposition, we have the following corollary which presents sum formulas of Lucas 6-primes numbers.

Corollary 5.20. For n > 1, Lucas 6-primes numbers have the following properties:
(@) Sr_ (-DFH_ ) = 2((-1)" (H-n+5 — 3H-nt4 — 5H_pny2 — 2H_ 41 — 9H_,,) + 16).
(b) S (-1)*H_ox = H((=1)" (5H-2n44 — 6H 2543 — 28 H 2540 — 31H 2501 — 27TH_2, —

82

52H 5, 1) — 44).

(c) ZZ:l(‘DkH*?kJrl = é((_l)n (4H_2n44 — 13H_2443 — 6H_2y42 + 8H_2p4+1 + 3H_2,, +
65H72n71) -+ 14).

From the last proposition, we have the following corollary which gives sum formulas of modified
6-primes numbers (take H, = E, with Eoc =0,E1 =0,E; =0,E3 =0,E, =1,E5 = 1).

Corollary 5.21. For n > 1, modified 6-primes numbers have the following properties:

(@) Zh (-1)FE_ = 1((=1)" (B=nt5 — 3EB—nta = 5E_nt2 — 2E_p41 — 9E_,) +2).
1

(b) ZZ: (_l)kE_Qk = 3((—1)n (5E72n+4—6E72n+3—28E72n+2—31E72n+1—27E72n—52E72n71)—
9).

(c) >ho (—D)*E_ g1 = %((—1)71 (4F_2144—13FE_2,43—6F_2,1204+8F _2,41+3FE_2,+65F_2,_1)+
1).

5.3 The case x =1
In this subsection, we consider the special case z = .
Taking r =s =t =wu=wv =y =1 in Theorem 4.1, we obtain the following proposition.

Proposition 5.4. Ifr=s=t=u=v =y =1 then for n > 1 we have the following formulas:

(@) Sop_ i"Wog = o (" (—iWongs + (1 + ) Wonga — (1= 20) Wy —2W o —iW_py1 + (14
DW_p) +iWs — (1 +i)Wa + (1 — 20)Ws + 2Wa 4+ iW1 — (1 + i) Wo).

(b) Shy i Woop = 5 (1" (2Wo2nsa — (2+ ) Wo2ni3 — (2= 3)Woznto — (1 +8)W_2n1 — (54
Z')ngn — sznfl) + W5 —3W4 + (1 + i)W3 =+ (1 — Si)WQ + Wy + (4 + Z)Wo)

(C) ZZ:l ikW72k+1 = 7_414_2. (in(—iW72n+4 +3iW_op43+ (1 —’L')ngn+2 - (3 + ’L) W_ont1+W_on+
2W_2n_1) —2Ws5 + (2 + Z)W4 + (2 — 3Z)W3 =+ (1 + Z)W2 + (5 + Z)W1 + Wo)

From the above Proposition, we have the following Corollary which gives sum formulas of Hexanacci
numbers (take W,, = H,, with Hy =0,H1 =1,Hs =1,Hs =2, Hs =4, Hs = 8).

Corollary 5.22. For n > 1, Hexanacci numbers have the following properties:

(a) ZZ:1 P"Hop = g5 (" (—iH-pys + (1 + ) Honpa — (1= 20)Hopi3 = 2H pio — iH i1 + (1 +

1)H ) +1).

(b) Yoy i"H 2k = i (("(2H 2n44 — (24 ) H-2n4+3 — (2= 31) H-2n42 — (L + i) H-2n1 — (5+
D H_gn — H_an 1) —1).
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(c) i, "H opyr = ﬁ(in(_iH72n+4 +3iH oni3+(1—9)H -ont2— (3+4) Hoony1+ H_on +
2H 2n-1) +2).

Taking H,, = E, with Fo =6,FE1 = 1,F; = 3,E3 =7, F4s = 15, 5 = 31 in the above Proposition,
we have the following Corollary which presents sum formulas of Hexanacci-Lucas numbers.

Corollary 5.23. Forn > 1, Hexanacci-Lucas numbers have the following properties:

(@) Yoho "Bk = 55 (" (—iB-nys + (1 + ) Bonya — (1 = 20) B—nys — 2E_nj2 — iE_pp1 + (14
1)E_n) + (=8 — 31)).

(b) >, i"E gy, = _41_‘_2. (("(2E-2n44a — 24+ ) E _2n43 — (2—30)F _opnt2 — (1 + i) E_2nt1 — (5+
)E_2n — E_an—1) + (20 + 57)).

(€) Yroyi"Eokir = = (" (—iE-2nta +3iE 2nt3+ (1 = i) E_on2 — 3+ 1) E_ony1 + E_on +
2E72n71) + (—4 - 22))

Corresponding sums of the other sixth order generalized Hexanacci numbers can be calculated
similarly.

6 Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as architecture, nature, art,
physics and engineering. In this work, linear sum identities were proved. The method used in
this paper can be used for the other linear recurrence sequences, too. We have written linear
sum identities in terms of the generalized Hexanacci sequence, and then we have presented the
formulas as special cases the corresponding identity for the Hexanacci, Hexanacci-Lucas, sixth
order Pell, sixth order Pell-Lucas, sixth order Jacobsthal, sixth order Jacobsthal-Lucas, modified
sixth order Jacobsthal, sixth-order Jacobsthal Perrin, adjusted sixth-order Jacobsthal, modified
sixth-order Jacobsthal-Lucas, 6-primes, Lucas 6-primes and modified 6-primes sequences. All the
listed identities in the corollaries may be proved by induction, but that method of proof gives no
clue about their discovery. We give the proofs to indicate how these identities, in general, were
discovered.
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