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Abstract

This paper proposed a generalized estimator of population mean in the presence of correlated and
uncorrelated measurement errors under simple random strategy. Some known estimators belong to this class
of proposed estimator. Under the large sample approximation, the properties of the proposed estimator
namely bias and mean squared error were obtained. Theoretical comparison was carried out on the members
of the proposed class of estimators when measurement errors are correlated and when they are uncorrelated
and the necessary conditions under which the proposed estimator at its optimum value is expected to be more
efficient than the existing estimators of finite population mean were obtained. It was observed that correlated
and uncorrelated measurement errors inflate the bias and mean squared error of the proposed estimator. The
paper concluded that the proposed estimator is more efficient than usual unbiased estimator y and some
members of the class of proposed estimator.

Keywords: Measurement errors; generalized estimator; bias; mean squared error; correlation coefficient.

1 Introduction

Notwithstanding the mathematical development in sampling survey, the general assumption in sampling survey
is that data used in estimating population parameters are free of observational errors or measurement errors at
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data collection stage. In practice, this is not always the case as observed values in most case differ from the true
value hence the data available for statistical analysis are subject to error. This may be due to the fact that all
phases of sampling survey are possible sources of error. This can also be attributed to the bias on the part of the
respondents or enumerators or both and due to natural variation in the subject, variation in the measurement
process, or both (see Cochran [1], Biemer et al. [2]).

The difference between the individual observed values and their corresponding true values is termed
measurement error. Measurement errors form a significant element of errors in any survey data and their
presence may not be noticeable unless the responses are compared with some known standard values or the
measurement processes are replicated a good number of times.

When measurement errors are present in both the study and auxiliary variables or present in either study variable
or auxiliary variable, the influence drawn from the sample about the population parameter may be bias and
inconsistent subject to the level of the measurement errors. Thus to a large extent, the efficiency of an estimator
is a function of the magnitude of the measurement errors.

In sampling, measurement errors have been studied by Sukhatme and Sukhatme (1970) and Cochran [1],
focusing on mathematical models to study the influence of measurement errors on estimators of population
parameters. Shalabh [3] developed a methodology for studying the influence of measurement errors on
estimators like the ratio estimator in sampling survey. Following Shalabh [3] methodology, Manish and Singh
[4] proposed class of ratio estimator when measurement errors are present in the variables. This estimator is a
linear combination of ratio estimator and sample mean per unit estimator. Erum and Javid [5] studied the effect
of measurement errors on estimation of finite population mean for a sensitive variable using dual auxiliary
information. The results which they obtained from theoretical and empirical analysis shows that their proposed
estimator performs better than some existing estimators under study.

Qi et al. [6] studied the estimation of population mean in the presence of measurement errors and non-response
error under stratified random sample and presented a comparison of the proposed estimator with some existing
estimators which they found to be uniformly better than some existing estimators. Gajendra et al. [7] proposed
ratio and regression type calibration estimators for the population mean under both correlated and uncorrelated
measurement errors. The variances of the proposed calibrated estimators to the first order approximation were
obtained and their efficiencies comparison with the usual unbiased estimator carried out. The result shows their
proposed calibrated estimator to be uniformly better than the usual unbiased estimator. Using Monte Carlo
simulation they studied the effect of measurement errors on the proposed calibrated estimators. They calculated
the percentage contribution of measurement errors (PCME) and found that PCME of the proposed calibrated
estimators increases with the increase in variability of the measurement errors present in both study and
auxiliary variables. Decrease in PCME was recorded by them when measurement errors are positively
correlated, the reverse is the case when they are negatively correlated.

The influence of measurement errors and randomized response technique on mean estimation under stratified
double sampling was studied by Ronald et al. [8]. The numerical analysis carried out on the efficiency of the
proposed estimator using simulated and real dataset revealed that the use of the Randomized Response
Technique (RRT) in a survey contaminated with measurement errors increases the variances and mean squared
errors of estimators of the finite population mean. Study has shown that the properties of ratio estimator is
distorted by the presence of measurement error on the auxiliary variate. It is on this premise that the statistical
properties of three common ratio estimators was studied by Gregoire and Salas [9] when measurement error is
present in the auxiliary variable. Under the effect of systematic measurement error, the bias is irregular around
zero and precision may be enhanced or vitiated subject to the extent of the error. When the measurement error is
stochastic in nature, the bias of classical ratio-of-means estimator is much affected so also is the mean square
error when compared with the other estimators which they considered. In summary, they concluded that ratio-
of-means estimator appears to be less affected by the measurement error in the auxiliary variants.

Neha and Gajendra [10] proposed a generalised class of estimators for mean when both study variable and
auxiliary variable are contaminated with measurement errors under simple random sampling. To evaluate the
performance of the proposed class of estimators, they carried out simulation and empirical analysis and their
result shows that the proposed class of estimators is more efficient than the ratio and product estimators for any
value of correlation coefficient. Azeem and Hanif [11] studied mean estimation when measurement errors and
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non-response exist simultaneously and presented theoretical and empirical analysis of the efficiency of the
proposed estimator. Their findings show that the proposed estimator is more efficient than three other estimator
they considered and also less bias than the two of the three estimators considered. Shalabh and Tsai (2017) have
proposed ratio and product method of estimation in the presence of correlated measurement error.

In this paper, we propose a generalized class of estimators of the population mean of study variable under the
influence of measurement errors. Some existing estimators are a member of this class of estimators. The effect
of measurement error on the mean square error of the proposed class of estimators be explored. Many authors
have studied the effects of measurement error on ratio, product and regression estimator. The main objective is
to obtain simultaneously the properties of particular members of the proposed class of estimators under the
influence of measurement errors. Also will carried theoretical comparison of the performance of the members of
proposed class estimators when the measurement errors are correlated when the measurement errors are
uncorrelated.

2 Notations

In obtaining the properties of the proposed estimator, we will assume large sample approximation. Let the
population mean and variance of X and Y be defined as

Further we define the coefficient of variation of X and Y as

Ox
C = —
¢

Oy
and Cy ==
Ty
respectively. Also Covariance of Y and X, Correlation Coefficient between Y and X, and Correlation
Coefficient between u and v are defined as

Oxy Oyy
and pr=—"-
Ox Oy 0,0y

N
1 _ _
O-XY=NZ(XL'_X)(YL'_Y): p=
i=1

respectively. Using delta notation, we define the following:

S=%—1 = 7=T(1+8,) (1)
X
61 ==—1 = x
X _
=X1+6,) 2)
Such that,
E(6p) =E(6,) =0 3
of (o + o2 C (0 + o2 C?
E(6§>=%<Y72”)=—Y< — ) = @)
nY oy n oy nby
of (0% + o2 C: (02 + o2 C?
E(6?) = _§2<X_2) _ _X<X_2> _ b )
nX Oy n ox nfy
1 *
E(606,) = —= (oyoxp + 0,0,p") (6)
nYX
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where,

are reliability ratio of study variable and auxiliary variable respectively and are bounded between 0 and 1

3 Measurement Error Model Definition

For a population U = (Uy,U,, ..., Uy) of size N. Let y and xdenote study and auxiliary variables taking values
y; and x; respectively on the it~ unitof U;, (i = 1,2,...,N).

Assume SRSWOR of size n is drawn from population U. Let y and x be the sample means of y and x
respectively. Thus, for a simple random sampling method, let (y;, x;) be observed values instead of the true
values (y/ ,x}) on the two characteristics (y , x) respectively for the i*" unit (i = 1,2, ...,n) in a sample of size

n. Then the measurement errors which is the difference between the study variable and auxiliary variable are
respectively defined under correlated and uncorrelated measurement errors as:

i. When the Measurement Errors are correlated

U=y —Yi

v =X — X

E(uy=Ew)=0

Var(u) = o} Var(v) = o2

Cov(u,v) = p*o,0,

ii. When the Measurement Errors are uncorrelated

U=y —Yi

v =X — Xf

E(u=Ew)=0

Var(u) = o2 Var(v) = o2

Cov(u,v) =0

Expressing observed value as a function of true value and measurement error we have,
Vi=yituy (7
X =x; +v; (8)

The measurement errors u and v are also assumed to be independent.
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4 Adapted Estimators

In the presence of correlated measurement errors, the traditional sample mean per unit estimator for estimating
population mean is given by:

to=y €)
The variance is given as
CZ (02 + o
V(ty) =— 10
( 0) n ( 0_}; ( )

Shalabh and Jia-Ren (2016) proposed ratio and product estimator in the presence of correlated measurement
error as

X
t, = y} (11)
L _oE (12)
|2 y)?
They obtained the mean square error of ratio and product estimators as
y? o} o? 0,0,p"
MSE(t,) = —(c& +CE—2C,Cxp+ CE 5+ CE——2 uJvp ) (13)
n oy oy YX
v o2 o? 0,0,0"
MSE(t,) =—|CZ + C} +2CyCyp + C}—5+ CE— + 2——= 14
(p) n(Y X ylxP YO_}? Xa)? X (14)
In the presence of uncorrelated measurement error, the mean square errors of ¢, and t,, were given as
y? o2 o?
MSE(t,) = —(C& +CE— 2CyCxp + CZ =5 + C2 —’;) (13)
n oy Oy
v o2 o2
MSE(t,) =—|CZ + CZ +2C,Cyp + C2 5+ CE— (14)
n oy Oy

5 Proposed Estimator

Motivated by the work of Shalabh and Jia-Ren [12], we proposed the following generalized estimator of
population mean in the presence of correlated and uncorrelated measurement errors.

K

o aX + ¢
fore =Y 3Gzt 9) + A - Pk + 9)

(15)

Where @ > 0,1 can either be a function of known population parameter of auxiliary variable x or a real
number, x is any real number chosen so as to minimize the mean squared error of t,,, and § = 0 orl

6 Properties of Proposed Estimator

The properties of the proposed estimator up to first order approximation are obtained using notations defined in
section 2 thus:
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Expressing (15) in terms of §; (i = 0,1) we have

K

tyro = Y (14 8,) aX+y (16)

e 1B @X(1+6) + ) + (1 - B)(aX + 1)
After simplification, (16) can be written as

tpro = Y(1 + 8o)[1 + BAS;]7" 7
Where,

aX
A=—
aX +yY

Assuming that |6;| < 1, the expression (1 + BA6;)7* can be expanded to a convergent infinite series using
binomial expansion. Hence,

(k—1)

tpro = Y(1+6) (1 — kpAS;, + £ ol (BA8,)? — 0(51)> (18)

Ignoring high order of §; and simplifying (18) we have

K(k—1)
2

tyro = ¥ (1 + 8, — KBAS, + p2A252 — 3/16061> (19)

G
2

_ _ K
tyro — ¥V = ¥ (50 — kBAS, + p2A252 — 3,15051> (20)

Taking expectation of (20) and made necessary substitutions using (3) — (6), we obtained the bias of the
proposed estimator (t,,,,)

i When the measurement errors are correlated as

. * }7 212 C)% Uu O-U *
Bias (tpm) = k(k —1)B°%A o 2KBA (CYCXp “7xP ) 21

ii. When the measurement error is uncorrelated (p* = 0), as

2
X

Y C
Bias(t,r0) = o [K(K - 1p212 =

— ZK,B)LCyCXp] (22)
Ox

Squaring and taking expectation of (20) and made necessary substitutions using (3) — (6), we obtained the mean
square error of the proposed estimator (tpm)

i. When the measurement errors are correlated as

Y2 [c? C2 o, O.
MSE*(tpro) = — 9—1 + K2R é — 2KBA (CYCXp + 7"7” )] (23)

The mean square error will be minimized when
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0,0, .
Ox (CYCXp +2=Zp )
= Y X (24)
BACE
Thus the minimum mean square error of t,,, is obtained as
—_ O-u O-V 2
* 72|cz 6x (CYCXp + 22 )
MSEmin(tpro) = 7 9_y C)% (25)
ii. When the measurement error is uncorrelated (p* = 0), as
Y2 Cy 5 py CR
MSE(tyro) = = |7 + K2B2A* == — 2kBAC, Cxp (26)
n |6y Ox
The mean square error will be minimized when
Table 1. Estimators and their mean square errors at different value of 8, o, P and k
i Chosen Values Estimator Mean Square Error In the Presence of
B a Y K Correlated Measurement Error Uncorrelated
Measurement Error
1 0 0 0 0 tyor=¥ y2c2 Y2c?
nby nby
2 1 1 0 1 (X v2(cz c? 0,40,p YZCC
toroz =¥ (E) ( LA 92(( (Cnyp + X )) 6: GX — 2CyCxp
3 1 1 0 -1 _(x * Y2 C C3
tpros =¥ (;) ( ta + 2 CyCXp + ”;;’?p )) —(G—Y + G—X + ZCYCXp)
Y X
v 2 2 Y2 /c2 J2c2
4 ! . CX ! tprozl- = )_/ ({ ::: gx> n <C—:+ Aeix — 22, (CnyP + u;)?ﬂ )) _<9_§+ ;XX - ZA4CYCX.D>
X X
— X+ C V2 2 2,2 X Y2 /c2 A%C?
5 1.1 G b =T (’f - CX) %(g—:ﬂzi" + 225 (G Gop + 222 )) 7(9‘1* = +2/156ycxp)
X
6 1 1 Bi(x) 1 (xR v2(c? 2k \Oup" YZ(CP ACE
s T\ B () w\e, " ZX 24 (CYcX" *¥x ) w\oy T e, T Helrlxp
%+ 72 /2 2,12 Y2 /c2 J2c2
C PO weslie) S (e ) S )
8 1 pBx Ccx 1 (BiOX+Cx\  ¥2(cE A3CE Gu0,0" Y2 ARk
fpros = B1(x)x + Cx n 9_y+ Ox ~ 2 (CYCXP+ Yx ) n 9v+ Ox 2AaCrCap
9 1 C -1 _(Bi)x+C v2(c; 2cC 2 0up" Y2 (cE ACE
ﬁl (x) X tyroo =Y (m) 7<9—: + ;XX + 24g (CnyP + g ;’YP )) 7(9_: ; X+ 2}LKQCYCXP>
10 1 ¢ BGO) 1 toon V2 (C} 4,0} Y2 (G} AoCR
_(CxX + i (%) w\or " o ~ %o (CYCXP 6y 2.t Oy
-7 Cyx + B, (%) + Uua,,p*)
YXx - 2).10CyCXp)
1 1 ¢ x) -1 ¢t c: 22,c? Y2 0P MLCR
X Bl( ) pr011CXf + ,81 (X) (01; + 11XX + 2/111 (CnyP (9: * 191XX 2alrCep
= }_1 _—
<CXX + B (x)) N ouo,,p*)
Yx

12 1 1 Ba(x) 1 borora = _<X + l?z(x))

r? (Cv 132C%
Y\x +
X+ 2 (%)

V2 2 2 2
i G T BTty
HY HX Y X

-2
n A1z (CYCXp

e’
YXx
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Chosen Values

Estimator

Mean Square Error In the Presence of

B a Y K Correlated Measurement Error Uncorrelated
Measurement Error
13 1 1 Ba(x) —1 _[(T+tBM™\  p2 2 2.2 Y2IC} | A%5CE
2 tro1s =Y\ ¥ 6,(0) — 9—y+ BX 2248 <CyCXp w\gy T ey T HlGep
Y X
Guavp*)
+ 22
vX )
14 1 ﬁz(x) CX 1 tpr014 _ YZ C}g 1%46‘)% E<C—‘;+A%4C’%—2,114cycxp>
__(Bz(x)X+CX> n 0_y+ Oy =244 (CYCXP n \6y x
T\B.@x+ Gy oo
+ = )
YX
15 1 ﬂz(x) CX -1 tprols YZ CZ /12 CZ V_Z(C_‘; /1%_:,(3,% 21.:CvC >
_<ﬁz(x)f+cx ] (7o B UM T
= y _—
B2 (X)X + Cx "
0,0,
+”_—’ip)>
YX
16 1 O B 1 tpos Y2 (C2  22,C3 Y_(C_ ﬂ%ecﬁ_umcycxp>
__(CXX+ﬁz(x)> n g—y+ oy —2/116<Cnyp n\by Oy
Y CxX + B (x) 0, 0p"
+ == ))
YX
17 1 CX /?z(x) -1 tpr017 YZ CZ /12 CZ E(C_‘? A§7C}%+2/1 C,C. >
__<fo+ﬁ2(x)> P e ] (7o B VA T
A e Ae) oonp’
+ = )
YX
8 1 1 o 1 t Y2 (c2 )2.c2 VPG AeCR
x pr018)?+o-x _<9_y+ 168 X 2 (CYCX,D - 9V+ oy 2215CyCxp
=V (f +o. ) AT ¥
X 0, 0. *
 Judvl )
YX
19 1 1 Oyx -1 tyroro Y2 (cz 23,2 }7_2<C_‘3 AioCY 2 >
B _(f+0x) n 9_:"' 1;XX + 2159 (CYCXp n\o, "oy TPl
" \X 4o,
0y 0,p"
+”_—‘ip)
YX
20 1 p(x) oy 1 tprozo Y2 (c¢ 23,C? }7_2<C_‘3 AgoC%—leoCnyp>
__(ﬁl(x))?+ax> n 9_Y+ Oy _ZAZO(CYCX,D n\fy O
"Bz + o, oo
+ = )
YX
21 1 ﬁl(x) Oyx -1 tpr021 72 C}; A%lC)% E<C—3+M+2221Cnyp
_<ﬁ1(x)f+ax> ot S v (aee w6t
= y _—
ﬁl(x)X-I- Ox 0. 0, p*
+ = )
YX
22 1 p(x) oy 1 tprozz _ Y2[(c2 23,C2 E<C—5+A%2C)%—ZAZZCYCXP>
__(,Bz(x)X+ax) n 9_Y+ Oy — 2222 (CYCX,D n\6y 6O
"\ B@x+ o oo
+ = )
YX
23 1 ﬁz(x) Ox -1 tpr023 YZ C); 1%3C)% E(C_& /1%3C)%+2123CYCXP>
__<ﬁ2(x)f+ax> Y 9_Y+ Oy + 2223 (CYCXP n\6y O
"\B.GOX + o, oo
+ == )
YX
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i Chosen Values Estimator Mean Square Error In the Presence of
B a Y K Correlated Measurement Error Uncorrelated
Measurement Error
24 1 1 p 1 X+p C2 2%,C2 Y2<cy B.cE >
toroza =Y <m> (9; + ZgXx — 25, (CYCXp o, T oy 2224CyCxp
Guavp*)
+—
YX )
25 1 1 p -1 _[(X+p y c2  2.c2 r? <Cy sCk >
tprozs = 3’<X n p) 0: + 2; X4 2255 (CYCXP Oy * Oy * HasCrCep
Ou0vp )
+—=
YX )
6xCyC
= pr @27
BACE
Thus the minimum mean square error of ¢, is obtained as
|6 CY 0xCy2Cx*p?l Y?[C2
MSEmin(tpro) = o, C—)? 7 E - GXCY .0 (28)

Some particular members of the proposed estimator of population mean and their mean square error can be
obtained by chosen suitable values of 8, &,y and « (see table below).

Where,

a; X
li=————, (i=45,...25)
(XL'X+1/)1'

7 Theoretical Efficiency Comparison

The proposed estimator t,,., was compare with some particular members of the proposed estimators shown in
Table 1. The results obtained are as follows

i. In the presence of correlated measurement error

L MSE‘;lin (tp‘m) < V(tprol) if
9 0, 2
( PTUl) MS an(tp‘ro) = —(prCx + ;Xv p*) >0

2. MSEpmin(tpro) < MSE*(tproz) if

0 0,0, g
MSE*(tpr03) — MSEyin(Epro) = <CX - C—’;(pcycx ;X” p )) >0
3. MSEin(tpro) < MSE*(tpres) if

6 0,0, 2
MSE* (tyros) = MSEmn(tpro) = <CX+C_j((PCYCX‘|‘%P*)> >0

4, MSE;in(tpro) < MSE*(tproa) if
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0 0,0, 2
MSE* (tyros) — MSEjyin (tyro) = </14CX - c_f( (pCyCx + - p*)) >0

5. MSEin(tpro) < MSE*(tprs) if

0 0,0, 2
MSE*(tyros) — MSEjn (tpro) = </15€X + C—); (prCX + = p*)) >0

6. MSEin(tpro) < MSE*(tpree) if

0 0,0, 2
MSE*(tyros) — MSEjin (tpro) = </16CX - C—); (pCrCx + o p*)) >0
7. MSEin(tpro) < MSE*(tpre7) if

0 0,0, 2
MSE*(tyro7) — MSEjyin (tpro) = </17CX + C—); (prCX o p*)) >0

8. MSEpin(tpro) < MSE*(tyreg) if

0 0,0, 2
MSE*(tyros) — MSEjin (tpro) = </18CX - C—); (pCrCx + 2 p*)) >0

Yx
9. MSEin(tpro) < MSE*(tpreo) if
0 0,0, 2
MSE*(tpros) — MSEjin(tpro) = </196X + C—i(prCX o p*)) >0

10, MSEjn(tpro) < MSE*(tpro10) if

0 0,0, 2
MSE* (tpro10) — MSEpin (tyro) = (Alocx o (pCrCx + %p*)) >0

11. MSEin(tpro) < MSE*(tpre11) if

o 0,0, 2
MSE*(tpr011) — MSE i (tpr0) = <,11ch + C—i (prCX + % p*)> >0

12, MSEjum(tyre) < MSE*(tpror2) if

6 0,0, 2
MSE*(tprolz) - MSE;;zin(tpro) = (/1126)( - C_i(pCYCX + %Pﬁ) >0

13. MSEpin(tyro) < MSE*(tyr013) if

o 0,0, 2
MSE*(tpr013) — MSE i (tpr0) = </113CX + C—i (prCX + % p*)> >0

14. MSEin(tpro) < MSE*(tpro1s) if
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0 0,0, z
MSE* (tyro1a) — MSEsin(toro) = (AMCX o (pCyCx + %p*)) >0

15, MSEpin(tyro) < MSE™(tprors) if

0 0,0, 2
MSE*(tyrors) — MSEjun (tpro) = </115CX + é (prCX = p*)> >0

16. MSEpin(tpro) < MSE*(tpror6) if

0 0,0, 2
MSE*(tpro16) = MSEgin (tyro) = (Alﬁcx —é(pcycx + %}v”*)) >0
17. MSEin(tpro) < MSE*(tpre17) if

7] 0,0, 2
MSE*(tyro17) = MSEjin (tpro) = (/117CX + é (prCX 2 p*)) >0

18. MSEin(tpro) < MSE*(tprors) if

0 0,0, 2
MSE* (tpro18) — MSEgin(tro) = (chx—é(pcycx+ %}v”*)) >0

19. MSEin(tpro) < MSE*(tpro10) if

6 0,0, 2
MSE*(tpro15) — MSEjin(tpro) = </11ch + C—i (pCrCx + -7 p*)) >0

20, MSEjn(tpro) < MSE*(tyrozo) if

0 0,0, 2
MSE* (tpr020) = MSEpin (tyro) = (Azocx - C_i(PCYCX + %p*)) >0

21. MSEin(tpro) < MSE*(tprez1) if

o 0,0, 2
MSE*(tpr021) — MSE sy (tpr0) = </121CX + C—i(prCX + ;—)?” p*)> >0

22, MSEun(tyre) < MSE*(tprozz) if

6 0,0, 2
MSE*(tpTOZZ) - MSE;;zin(tpro) = (/1226)( - C_i(pCYCX + %Pﬁ) >0

23. MSEpin(tyro) < MSE*(tyr03) if

o 0,0, 2
MSE*(tpr023) — MSE sy (tpr0) = </123CX + C—i(prCX + ;—)?” p*)> >0

24, MSEin(tpro) < MSE*(tprozs) if
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0 0,0, z
MSE* (tyroza) — MSEsin(toro) = (mcx o (pCrCx + %p*)) >0

25 MSEpin(tyro) < MSE*(tprozs) if

0 0,0, 2
MSE*(tyrozs) — MSEjin (tyro) = </125CX + é(pCYCX = p*)> >0

ii. In the presence of uncorrelated measurement errors
1 MSEmin(tPTO) < V(tprol) if
V(tpn)l) - MSEmin(tpro) = QXPZC; >0

2. MSEpin(tpro) < MSE(tpro) if
MSE(tproz) - MSEmin(tpro) = (Cx — OxpCy)* > 0

3. MSE min(tpro) < MSE(tyre3) if

MSE (tyro3) = MSEmin(tpro) = (Cx + 6xpCy)* > 0
4. MSEpin(tpro) < MSE(tpros) if

MSE (tproa) — MSEmin(tpro) = (A4,Cx — 0xpCy)? > 0
5, MSEpin (tyro) < MSE (tyyos) if

MSE (tpro5) — MSEmin(tpro) = (AsCx + 0xpCy)? > 0
6. MSEpin (tyro) < MSE (tyyos) if

MSE (tyro6) = MSEmin(tpro) = (A6Cx — 0xpCy)? > 0
7. MSE min(tpro) < MSE(tyro7) if

MSE (tpro7) — MSEmin(tpr0) = (A;Cx + 0xpCy)? > 0
8. MSEpmin(tyro) < MSE(tyreg) if

MSE (tpros) — MSEmin(tpr0) = (2gCx — OxpCy)? > 0
9. MSEpin(tpro) < MSE (tyros) if

MSE(tpro9) — MSEmin(tpro) = (AoCx + OxpCy)? > 0
10, MSEpmin(tyro) < MSE(tyro1) if

MSE (tpro10) = MSEmin (tyro) = (A1oCx — BxpCy)? > 0

11. MSE min(tpro) < MSE(tpro11) if
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MSE (tpro11) = MSEmin(tpro) = (A11Cx + OxpCy)? >0
12 MSEpin(tyro) < MSE(tyro1z) if
MSE (tpro12) = MSEmin (tyro) = (12Cx — BxpCy)? > 0
13 MSEpin(tyro) < MSE(tyre13) if
MSE (tpro13) = MSEpmin(tpro) = (A13Cx + OxpCy)?* > 0
14. MSEpin(tpro) < MSE(tpro1s) if
MSE (tpro14) = MSEpmin(tpro) = (A14Cx — OxpCy)? > 0
15. MSEpin(tpro) < MSE(tprors) if
MSE (tpro15) = MSEpmin(tpro) = (A15Cx + OxpCy)? > 0
16.  MSEnin(tpro) < MSE(tprors) if
MSE (tyro16) = MSEmin(tpro) = (16Cx — 6xpCy)* > 0
17.  MSEpnin(tpro) < MSE(tpro17) if
MSE (tyro17) = MSEmin(tpro) = (17Cx + 6xpCy)? > 0
18, MSEpin(tyro) < MSE(tpro1s) if
MSE (tpro18) = MSEmin(tpro) = (A15Cx — OxpCy)?* > 0
19, MSEpin(tyro) < MSE(tpro1s) if
MSE (tpro10) — MSEmin(tpro) = (A1oCx + OxpCy)? >0
20.  MSEpin(tpro) < MSE(tprez0) if
MSE (tpro20) — MSEmin(tpro) = (A20Cx — 0xpCy)? > 0
21. MSEpin(tpro) < MSE(tproz1) if
MSE (tpro21) — MSEpmin(tpro) = (A21Cx + 0xpCy)? > 0
22. MSEpmin(tpro) < MSE(tproz) if
MSE(tpronz) = MSEpmin(tpro) = (A2Cx — 0xpCy)? > 0
23, MSEmin(tpro) < MSE(tprozs) if
MSE(tproz3) = MSEpin(tpro) = (A3Cx + 0xpCy)? > 0

24, MSEpin(tpro) < MSE(tprozs) if
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MSE(tpr024) - MSEmin(tpro) = (’124CX - GXPCY)Z >0
25. MSEpin(tpro) < MSE(tprozs) if
MSE(tprOZS) - MSEmin(tpro) = (AZSCX + gXpCY)Z >0

8 Empirical Efficiency Comparison

An empirical efficiency comparison was carried out by comparing the mean square error of the proposed
estimator with the mean square error of some estimators that belong to the proposed generalized estimator. The
percentage relative efficiency of the proposed estimator and some estimators that belong to the proposed
generalized estimator over sample mean per unit was obtained. The dataset for the empirical analysis was from
Okafor [13] where,

y; = the observed land area of the village cultivated with maize
x; = the observed land area of the village avaliable for cultivation
y; = the true land area of the village cultivated with maize

x; = the true land area of the village avaliable for cultivation

and the following parameters were computed:

N = 20,X = 829.1635,Y = 530.0755, 0 = 61824.97, o2 = 190361.30,

02 = 9.5705,02 = 9.3084, 0, = 248.6463,04 = 436.3041, o, = 3.0937,

o, = 3.0510, Cy = 0.4691,Cyx = 0.5262, p = 0.8139, p* = 0.9980,
B1(X) = 0.5735, B,(X) = —0.5858, 6y = 0.99985, 65 = 0.99995

The results were shown in Table 2.

Table 2. Mean square error and percentage relative efficiency

Estimators Mean square error Percentage relative efficiency
Correlated Uncorrelated MSE (x) Correlated Uncorrelated
MSE* (%)

tpro 1043.7465 1044.1835 296.2433 296.1193
tprot 3092.0290 3092.0290 100.0000 100.0000
tproz 1336.6101 1337.2123 231.3337 231.2295
tpro3 12627.7845 12627.1823 24.4859 24.4871
tproa 1340.1907 1340.7925 230.7156 230.6120
tpros 12624.2039 12623.6021 24.4929 24.4940
tpros 1340.5123 1341.1141 230.6602 230.5568
tpro7 12623.8823 12623.2805 24.4935 24.4947
tpros 1342.85045 1343.4520 230.2586 230.1555
tproo 12621.5442 12620.9426 24.4980 24.4992
tproto 1344.0212 1344.6226 230.0581 229.9552
tpro11 12620.3734 12619.7720 24.5003 24.5015
tpro12 1332.6187 1333.2214 232.0265 231.9216
tpros 12631.7759 12631.1732 24.4781 24.4794
tprota 1330.4875 1331.0903 232.3982 232.2930
tprots 12633.9072 12633.3043 24.4741 24.4752
tprois 1329.0200 1329.6230 232.6548 232.5493
tpro17 12635.3746 12634.7716 24.4712 24.4724
tprois 3283.0787 3283.4732 94.1808 94.1695
tpro19 10681.3160 10680.9214 28.9480 28.9491
tpro20 4037.9849 4038.2990 76.5736 76.5676
toroz1 9926.4097 9926.0957 31.1495 31.1505
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Estimators Mean square error Percentage relative efficiency
Correlated Uncorrelated MSE (x) Correlated Uncorrelated
MSE* (%)

tpro2z -48505.5366 -48499.6178 -6.3745 -6.3754

tpro2s 62469.9312 62464.0124 4.9496 49501

tproza 1342.1464 1342.7480 230.3794 230.2762

tyrozs 12622.2482 12621.6466 24.4967 24.4978

9 Discussion of Results

From the theoretical analysis, we observed that the bias of the proposed estimator t,,, is affected by the
presence of measurement error on the auxiliary variable only. While the mean square error is affected by the
presence of measurement errors both on the study and auxiliary variables. It is also our observation from both
theoretical and empirical analysis that the proposed estimator ., at its optimum value yields the least mean
square error when compared with the usual unbiased estimator ¥ and other members of the proposed class of
estimator. Hence the proposed estimator recorded more gain in efficiency than the usual unbiased estimator y
and other members of the proposed class of estimator. The high positive correlation coefficient between study
variable and auxiliary variable accounted for efficient performance of the ratio type estimators against product
type estimators as can be seen in the figure below.

Correlation Coefficient Between Study
Variable (Y) and Auxiliary Variable (X)
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Fig. 1. Correlation Coefficient Between Study Variable (Y) and Auxiliary Variable (X)

The high positive correlation coefficient between study variable and auxiliary variable accounted for efficient
performance of the ratio type estimators against product type estimators. There is no much difference on the
effect of the presence of measurement errors on the mean square error of the proposed estimator when the
measurement errors are correlated as when it is uncorrelated.

Unexpected result was observed for the estimator t,,.,,, which recorded a negative mean square error. The
implication of this is that the combination of kurtosis and standard deviation of auxiliary variable for the
purpose improving the performance of the ratio type estimator cannot yield an efficient estimator at least for the
dataset used.

10 Conclusion

The stated inequalities in section 7 provide the necessary conditions under which the proposed estimator at its
optimum value is expected to be more efficient than the existing estimators of finite population mean. The
empirical analysis buttresses these conditions, therefore the proposed estimator at its optimum value is
recommended for use in practice.
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