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By combining the notions of G-metric space and b-metric space, in this paper, we present coincidence fixed-point theorems for
p-hybrid mappings in G,-metric spaces. An example is given to demonstrate the novelty of our main results. Henceforth, the
illustrative applications are given by using nonlinear fractional differential equations.

1. Introduction

In 1922, Banach [1] initiated the study of constructive theory
in metric space. The constructive theory is used for nonlin-
ear functional analysis, approximation theory, optimization
theory (saddle function), variation inequalities, game theory
(Nash equilibrium), and economics (Black-Scholes theo-
rem). In addition, it is used in many practical and research
problems in various fields beyond mathematics. It can
reduce to fixed-point problems, which include biology,
chemistry, physics, computer science, economics, engineer-
ing, global analysis statistics, and operations research.

In 1969, Nadler [2] proved the multivalued version of
Banach’s contraction principle [1]. Naimpally et al. [3] gen-
eralized Goebel’s [4] result in a hybrid contraction mapping.
The method of hybrid fixed points can be used to derive
another classical fixed-point theorem result. The concept of
hybrid pair of mapping is very consequential for the theory
of fixed point, and it has an important role in game theory,
optimization theory, and differential equations.

Definition 1 (see [3]). Let P W — €L (W) and @ :
W — W be such that P is a complete subspace of 7
and Q% c P . Further, assume there exists 8, 0<0< 1
such that for every x, u € 7,

U (Pr, Pu) < 0d(Gx, Gp). (1)

Then, & and @ have a coincidence; that is, there exists
v € W such that Qv € Pv.

Later, Chauhan et al. [5] proved the results in unified
common fixed-point theorems for a hybrid pair of mappings
via an implicit relation involving altering distance function.
Imdad et al. [6, 7] generalized the hybrid fixed-point theo-
rems in symmetric spaces via common limit range property
and joint common limit range property in metric spaces.
Nashine et al. [8] gave the proof using (JCLR) property
for hybrid fixed-point theorems via quasi F-contractions.
Wangwe and Kumar [9, 10] proved the common fixed-
point theorem for a hybrid pair of mappings in weak partial
b-metric spaces and G-metric space with some applications.

Bakhtin [11] and Czerwik [12] generalized the concept
of metric space to b-metric space due to some problems,
especially the convergence issue of measurable functions
to a measure that led to a generalization of a metric’s
notion. Czerwik [12] established b-metric spaces by intro-
ducing a parameter s>1 in the triangle inequality as a
coefficient and generalized Banach’s contraction principle
to these spaces. Later, Czerwik [13] proved the multiva-
lued results in b-metric spaces. These findings motivated
several potential researchers to perform and analyze con-
traction condition variants using single- and multivalued
maps in b-metric space. One can refer to [14-18] and
the references therein.
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The concepts of G-metric space were initiated by Mustafa
and Sims [19, 20] due to the shortcoming of the fundamental
topological structure on D-metric spaces. Also, they replaced
the tetrahedral inequality with an inequality involving the
repetition of indices. Further, several researchers generalized
the results for single-valued mapping and multivalued map-
pings in G-metric spaces. For more results, we refer the
reader in [21-25] and the references contained. Furthermore,
Aghajani et al. [26] using both concepts of b-metrics and
G-metrics initiated the results on G,-metric spaces. Since
then, several results followed for single- and multivalued
mappings for various abstract spaces. For more literature,
we refer the reader to [27-32] and the references contained.

This paper is aimed at proving a coincidence fixed-point
theorem for p-hybrid contraction mappings in G,-metric
space with some application to the fractional differential
equation. In particular, we modify and extend the works
due to Karapinar et al. [33, 34], Wangwe and Kumar [10],
and Aghajani et al. [26]. The results proved to have a novelty
in the study of fixed-point theory.

2. Preliminaries

This part introduces some preliminary results of definitions
and theorems, which will help develop the main result.

Bakhtin [11] and Czerwik [12] established a new metric
on a nonempty set, known as a b-metric.

Definition 2 (see [12]). Let 7" be a nonempty set and s> 1
be a given real number. Suppose that a function dj, : 7" x
W —> [0,00) satisfies

(B1) dy(r,pu) =0 iff k=p

(B2) dy (k. ) = dy (11, )

(B3) dy(x, p) < s[dy,(x,v) + dyy(v, k)], for all x, y, v e W

Then, d, is said to be b-metric and (7, d,,s) is a
b-metric space. s > 1 is defined as a parameter of (7, d,,, s).

We give some examples which satisfy b-metric space
axioms.

Example 1 (see [11, 12]). Consider the set 7 =]0,1]
endowed with the function d, : #' x % — [0,00) defined
by d,(k, u) = | — u|* for all x, u€ W Thus, (7, d,,2) is a
b-metric space for s =2.

Mustafa and Sims [20] gave the following axioms for
G-metric space.

Definition 3 (see [20]). Let 7 represent a nonempty set with
G: W xW xW — R, as a function which satisfies the
following axioms:

(G1) G(k, u,v) =0 for k=p=v

(G2) G(k, ki, ) >0,V ., p € W if v=p

(G3) G(x, 1, ) <G, ph, V) VY 16, p € W if v=ps

(G4) G(x, i, v) = G(x, v, ) = G(, v, k) = -+

(G5) G(k, i, v) < G(k,a,a) + G(a, h, v), ¥ &, , v,a €W’

Then, G is called a metric and (7, G) is a G-metric
space.
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We give an example from [20].

Example 2 (see [20]). Let 7 =R represent a set of real
numbers. Define G : R> — R* as follows:

Gk o v) = [ = pi| + [ = V[ + [k = V], (2)

forall x, y,ve .
Recall that if G(x, 4, v) =0, then k= p=v.

Example 3 (see [20]). Let # =R. Then, G-metric G is
defined by

(Je—ul+[p=v|+|x=V]), (3)

W[~

G(x, u,v) =

forall x, y,ve .

On the other hand, Aghajani et al. combining the
concepts from Bakhtin [11], Czerwik [12] and Mustafa and
Sims [20], they established a new generalized space known
as G,-metric space.

Definition 4 (see [26]). Let 7" be a nonempty set and s> 1.
Suppose that G, : ¥ x W X W —> [0,00) is a function
satistying the following conditions:

(G1) Gy (i, p,v)=0if k=pu=v

(Gy2) 0< G(x, &, ), for all k, y € W with v=p

(Gy3) G(x, &, u) < G(x, p, v) for all k, y € W with v=p

(Gy4) G(x, 4, v) = G(k, v, u) = G(¢, v, k) = --- (symmetry
in all three variables)

(Gy5) G(x, p, v) <5[G(x, a,a) + G(a, y, v)], for all «,u,
v,a €W (rectangle inequality)

The distance metric G,, is called a G,-metric, and (7,
G,) is called a G,-metric space. The real number s>1 is
called the coefficient of (7, G,).

Let 7" = R be the set of real numbers; then, the mapping
Gy : W XW xW —> [0,00) is defined by

1
G v) = glle—p +Ju=v] + o=V (@
for all x, y, v € R, is a G,-metric.

Example 4 (see [26]). Let (7, G,) be a G,-metric space.
Consider

Gy(1 1 v) = (Gy (1 s V) (5)

for all x,u,ve# and p> 1. Therefore, G, is a G,-metric
with s =2°71,

Example 5 (see [26]). Let (7, G,) be a G,-metric space.
Then, for k, € #', r > 0, the G,,-ball with center «,, and radius

ris

Bg (ko 1) = {pt € W'|G(Ko, pho pt) <1} (6)
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For example, k=R, and consider a G,-metric G
defined by

—

Gyl v) = glle—pl + (= v+ [V, (7)

for all x, 4, v eR. Then,

Bg(3:4) ={u e 7'|G(3, p p) <4}

LT | (k- + -]+ k- V] <4
9

1
- {uewigl-ul+fumvl+ vl <4}
1 (%)
- {uewigl-u+p-vip <]

- {uew g <]

={ueW||3-u* <9} =(0,6).

Aghajani et al. [26] gave the proposition below that
satisfies G,-metric axioms.

Proposition 5 (see [26]). Let (%', G,) be a G,-metric space,
Y &, u,v,a€W; we have the following:
() If Gu(x, u,v) < Gy(x, &, 1) + Gy(k, %, v), then k=
p=v
(i) Gy(x, 4, v) < s[Gy(%, %, p) + G (K, &, V)]
(iii) Gy(x, p, 4) < 25Gy, (U, &, k)
(iv) G,(x, i, v) <s[Gy(, a,v) + Gy (a, 4, v)]

Motivated by Aghajani et al. [26], we recall some proper-
ties in G,-metric spaces as follows.

Definition 6 (see [26]). Let (7', G,) be a G,-metric space. If
{x;} € W then, we have the following:

(i) G, is convergence to a point k € 7 if, for each € > 0,
there exists a positive integer n, such that, for all i,
j=ng, Gy(k;, kjx) <€

(i) G, is a Cauchy sequence if, for € > 0, 3 a positive inte-
ger ny such that, for all i, j, k > ny, G (x;, k), 1) <&

Proposition 7 (see [26, 27]). Let (W', G,) be a G,-metric
space. Then, the function is given by

dg, (1 1) = Gy (6, > ) + Gy (s K, &), )

for all x, e W'. Define a b-metric on W'. It is called a b-
metric induced by the G,-metric G.

Proposition 8 (see [27]). Let (W', G,) be a G,-metric space.
The properties below are similar:
(i) {x;} is G,-convergence to
(i) lim G,(x; x;, k) =0
1—>00
(iii) lim G(x;, k) =0
1—>00

(iv) imon(Ki, Kj K) =0

Proposition 9 (see [27]). Let (W', G,) be a G,-metric space.
Therefore, the properties below hold:

(i) {x;} is a G,-Cauchy sequence

(ii) ¥ &> 0, there exists n, € N such that, Vi, j € ny, G(x;,
Kj k) =0

Definition 10 (see [26]). A G,-metric space % is called G-
complete if every G, Cauchy sequence is a G,-convergent
in%.

Further, Makran et al. [29] extended the works due to
Aghajani et al. [26] and Kaewcharoen and Kaewkhao [22]
by introducing the multivalued versions in G,-metric spaces
as follows:

Let 7 be a G,-metric space. We shall denote €B% (%)
as a nonempty, closed, and bounded subsets of 7. Let
F G, (-»>.) represent the Haursdorff-G,-metric on BCRBC

(), and oA, B, C € ERB (W) define

I, (o, B, C)

= max {Squb(K, B, €),supG,(x, 6, A ), supGy(x, A, 99)},
Kked KeR KEE
(10)

where

Gy(x, B, €) = dg, (x, B) + dg, (B, 6) + dg, (1. ), (11)

dg, (x, B) = inf {dcb(K,‘l/l),Mee%}, (12)
d, (<4, B) = inf {dg, (a,b)acclbeB),  (13)
dg, (k, 4, €) = inf {Gy(k, 4, v), v € €}. (14)

Lemma 11 (see [29]). Let (%', G,) be a G,-metric space
with s>1 and oA, B € CRB(W'). Then, for each ac d,
we have

Gy(a, B, B) < H g, (s, B, B). (15)



Lemma 12 (see [29]). Let (%', G,) be a G,-metric space
with s> 1. If A, B CRB® (W) and k€ o, then for each
&> 0, there exists y € B such that

Gyt pt) < g, (54 B, B) + 0. (16)

Lemma 13 (see [35]). Let (7', G,,) be a G,-metric space with
s> 1, and suppose that {x;}, {u,;} and {v;} are G,-convergent
to «, y, and v, respectively. Then, we have

1 . .
S Gyl puv) < liminf Gy (K 4, v)

< lim sup Gy(x;, y;, v;) (17)
1—>00
<SGk, V).
In particular, if =y =v, then we have lim G,(x; u;
v;) = 0.

Definition 14 (see [22]). Let #" be a nonempty set. Assume
Q:W —W and P : W —2” are two mappings. If
w=0Qk e Pk for some k€W, then k is a coincidence
point of two mapping (@, ). Then, the coincidence point

S R

p=0,{,neX.

Theorem 18 (see [10]). Let (X, G) be a G-metric space, and
suppose f,T:X — CB(X) is a p-hybrid mapping with
almost altering distance y €'Y satisfying the following
conditions:

(a) f and T are weakly compatible
(b) f and T satisfy CLR; property

(c) Tx< f(X)
(d) T(X) is a G-complete subspace of X

() (TS, T, Tn) <y (Mg (Conm)), for all neX
and p>0

Therefore, f and T admit a unique common fixed point in X.

3. Main Results

We commence this section by extending Definition 17 to
G, -metric space setting.

ki (G(fS fr1. f)) + Ky (G(FE, TG, TC))”+k3(G(Tf1,ff1xff1))P+k4<

(GOS8 f))* (GG, TS, TO[G( T, fr, f)) [G
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of @ and 2 is w. On the other hand, the mappings @ and
&P are said to be weakly compatible if @k € P« for some
k € W consequently QPx € PQk.

Proposition 15 (see [22]). Let 7 be a nonempty set. Assume
Q:W —W and P :W — 27 are said to be weakly
compatible mappings. If u= Qx € Px is a unique coincidence
of @ and P, u is said to be a unique common fixed point of @
and P.

Definition 16 (see [36]). Let (@, ) be the two self-mappings
on an ordered metric space (%, d, ) with Q(#') < P(W).
For every x, € %', consider the sequence {x;} € 7" defined
by Qx; =Pk, V i€ N,. A sequence {Qx;} is a Q-2
sequence starting at «,.

Wangwe and Kumar [10] gave the following definition
and theorem.

Definition 17 (see [10]). Let (X, G) be a G-metric space and
let f, T be two hybrid mapping on this space for p>0 and
k;>0,i=1,2,3,4, such that Y} k,=1. We define the fol-
lowing expression:

G(f¢, Tn, Tny) + G(T(,fn,fn))p] Up
2 >

(T¢, fn. fn) + G(fS, Tn, Tn)] .
- ,

(18)

Definition 19. Let (¥, G,,) be a G,-metric space, @, & be a
pair of hybrid mapping, and s>1 with p>0and z;>0,i=
1,2,3,4, such that ¥+ z; = 1. Then, we define the following
expression:

NG, (16 1, V) = 21 (Gy (@K, Qu, @V) Y +2,(Gy (@x, Prc, Pic) )
+23(Gy (P, Qs @v))
s (Gb(éx, Py, Pv) + Gy( Pk, Qu, @v))p
4 >

s
(19)
for p>0,%,u,vew.
Now, we are equipped to prove the following theorem.

Theorem 20. Let (7', G,) be a complete G,-metric space, and
suppose Q@ : W — W and P W — CRB (W) are p-
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hybrid contraction mapping on W and s> 1 satisfying the
following conditions:

(i) 3 QW < P, since (W', G,) is complete
(ii) @ and P are weakly compatible
(iii) PW is a G,-complete subspace of W
(iv) For i, {Qxk;} and {Px;} converge to a common fixed
point

(v) Aaconstant (0 =z, +z,+2z,)/(1 - (z3+2,)) €0, 1),
s> 1, and 0 > 0 such that Vx, u, v € W'; we have

s?/%b (Pr, Py, Pv) < G,A/%b (1, thr V) (20)

Then, @ and P pose a unique coincidence fixed point.

Proof. Assume that Q% < W and P is a G,-complete
subspace of 7". We can construct a P-@Q-sequence such that
{Px;} € W with initial point , satisfying

(@K, Priys PKi1)s (QKiyys PHyp D)5 (QKrs PRy Piyy) -+
(21)

Vi€ Ny, such that {Px;}, {Qk;} € P(W).

Let k, be an arbitrary element in 7. If @k, = Px,, then
k, is a coincidence point of @ and . Therefore, our proof is
completed. Otherwise, for @k, # Px,, it implies that Q%"
CPW. Now, we choose k, € # such that Qk, = Px,.
Again, we can choose «, € 7" such that Qx,=%x,. By
repeating the above procedure and applying Definition 16,
we formulate a sequence {x,} C 7', such that

Qx; = Px;_y,
(22)
Qx;yy = Pk;.
Equivalently,
(@K, Qi) = (Priys L) (23)

Using Lemmas 11 and 12, we obtain that there exists
Gy (@K, QK5 QK ) S ST G (PR, PRy PK;). (24)
Consequently, we have

Gy (Qrjy Qi Qi) < SH G, (Prioy> PRy PK;)s

1

(25)
<, (PKiy, Py PK;).
Apply k=x;_;, u=x;, and v =x; in (20); we get
Gy (@), Qxcyyy> Ok )P < 5%&,(*@’%1’ Py PK;)s (26)

<ONG, (Kip» K Ky),

5
where
NG, (Kioys 165 5;)
=2,(Gy(@Qx;_,, Qx;, Qx;))P
+2,(Gy(Qr,y, Py g Prci )
+ Z3(Gb(=@"i’ @Ki’ @K,))P
e (Gb(@Ki—b Prp i) + G(PKiy» OK;y @Ki)>p
4 bl
s
(27)
‘/Vléh(’ci—l’ Ki» ;)
=21(Gy(@Kiy> @K, @) + 2 (G (@K, QK Q)P
+ Z3(Gb(@Ki+l’ @Ki’ @Ki))p
+z (Gb(@xi—l’ Qx> OK;yy) + Gy (Qk;, O, @Ki)>p
\ )
s
(28)
By (G,5), we have
Gb(@KFl’ @KHD @KHI) (29)
<s[Gy(Qxk,y, Qx;, Ox;) + Gy (Qk;, QK g, Ak )]

Applying (29) in (28), we obtain
‘/Vg,,(’ci—l’ Kis K;)
=2,(Gy(QK_y, @K, Q) )P +2,(Gy (@K _y, Ok, Cxy) )
+23(Gy (@K, @, Q)P
tz <S[Gb<@"i71’ Qx;, @x;) + Gy (Qx;» Ay, @k )] + Gy (@K, Qk, @"i)>P
4 )

N

(30)

‘/V%b(xi—l’ Kip ;) = (21 + 23 + 24) (G, (@K, Ok, Qx;) Y
+ (23 +24) (Gy(QK;, Oy, Q) )P
(31)
Using (9) and (31) in (26), we get

(Gy(@xK;, Qxyy, A,y )P
< (21 +25 +24)(Gy (@K, O, QK;))P
+ (23 +24) (G (@K QK> Qi) )P (1 = (25 + 24))
- (Gy(@K;, QK Q) )
< (21 + 25+ 24)(Gy (@i, @, Q)
- (Gy(@K;, @Ky, Q) )

T 1- (23 + 24) (Gb(@Kkl, Qx;, @Kz)) .

Let 0=(z, +z, +2,)/(1 - (23 + z,) < 1); we have

(Gy(@x;, Qx5 @Km))p <0(Gy(Qx,_y, Cx;, @Ki))p~ (33)



By repeating the above procedure, we construct a
sequence Qk; C 7 such that Qx; ¢ Px;, Qk;,, € Pk;.

(Gy(@x;, Qx5 @Km))p < Gi(Gb(@Ki—v Qx;» @Ki))p- (34)

In order to simplify the above equation, let G, =
(G,(@x;, @x,,,, @x;,,))". Thus, by (34), we have

1

™~z
™~z

]
(=]

I
—

G, <

i

0'G,, (35)

for all i e N.
By taking limits as i — oo in (35), we obtain

lim G, =0. (36)
i—00
Therefore, 5, G, =Y 5,G,  converges.
Using (34) and (G,4)-symmetric properties, for all i, j
N, with j > i, we obtain

Gy (@x;, Ok, @;mj)p < 5Gy(@K;, QK Oy )P
+ 52 Gy(@Kyyy» @Ky, Oy )P
+ 53Gb(@Ki+l> QK;ys, QKiyy )
+ s PGy (@K oy Oy Qi )
+57G, (@Knjfl’ Qo @Ki+f)p'

(37)
On the other hand, using (35), we obtain

Gy (@x;, Qx @K-+j)P <G, +5°Gy,

i+j> i

3G e gl j1
+s Gbi+2 +s Gb,.ﬂ.,l +s GbHH,
) .
SS’ZG’Gb, >~ 0 asi— oco.
i
i=1

(38)

where G, = G,(Qx;, Qk;, ;,
sequence {Qx;} satisfies the G,-Cauchy sequence conditions
on complete subspace Q7. Henceforth, {@x;} is a Cauchy
sequence.

Let (@, P) be closed and weakly compatible mappings.
From Definition 14, we have

Qx; +j)p =0. This proves that the

1

QPx; = Pk,
Qx; = Px;,
PQk; = PPK; = PK;p»

QPk; = QQxk; = Qx;, .
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Now, we find that k € 7" such that Qx = y. We will show
that @k € Pk. For each i € N, using (20), it follows that
Gy(Qczyy, Pic, PR <sHG, (Picyy Pié, Pi) <ONC (161, K),

(40)

where
NG, (K K, K) = 2, (G, (Qx;, QK, Q) )
+2,(Gy(Qx;, Pk, @Ki))p
+23(Gy (P, Qx, Qx))P
s (Gb(@;{i, P, Pk) + G(Pk;, Qx, @K))P
A )
s

(41)

Taking the limit as i — oo in (40) and (41) with 0 < 1,
we obtain

G, (@x, Pk, Px)P
< z,(G,(@x, @k, Qk) Y + z,(G,(Qx, Pk, Px) )P
+23(Gy (P, @k, Qk) )P
vel (Gb(@c, Pk, PK) + G(Px, Cx, @K))‘D,

N

< z,(G,(@x, @k, Q)Y + z,(G,(Qx, Pk, Pk)F
+23(Gy (P, @k, Qk) )P
+ (25’1)P24(Gb(@<, P, P))\, Gy (Qk, Pk, Px)P

< (22 +2z;+ (25‘1)Pz4) G, (@x, P, P\

(1 - (z2 +2z3+ (25‘1)Pz4))Gb(@K, P, Py

<0,
(@x, P, P

<0.

(42)
This shows that Qx € Pk. That is, @ and & have a point
of coincidence.

Next, we prove the uniqueness of the point of coinci-

dence of @ and 2. Let Qx € Pk and Qu € Pu. Assume that
G, (@x, Pu, Pu)’ > 0. Using (20), we get

Gy (Ck, P, P < sH G, (Pr, P Pp) < ONG, (16 s ),
(43)

where

N (1 ) = 24 (Gy (@, @pt @) P + 2,(Gy (@, Pr, Pr) P
+25(G(Py, Qu, Qu))F

s (Gb(@.‘"> Py, Pu) + G(Pr, Qp, @u))"
\ .
N

(44)
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From (G,4) the symmetric properties, using (43) and
(44) with 6 < 1, we obtain

G, (Qx, Py, Pu)f
<z,(G,(@x, Qu, Q)P + z,(G, (Qx, Px, Px))P
+23(Gy (P Qs )
iz, (Gb(@m Py, Pu) + G(Px, Qu, C@y))p’

N

Gy (@K, P, Pu)f
< (z1 + (Zs’l)pz4) G, (Qx, Py, Pu)t,

(1 - (z1 + (ZS_I)PZ4))Gb(@K, Pu, Pu)?
<0,

(@, P, Py’
<0.

We can conclude that Qx = Pu. Suppose that @ and &P
are weakly compatible. By applying Proposition 15 and
Definition 14, we obtain that @ and 9 have a unique coinci-
dence fixed point, which is a contradiction. Thus, u is a coin-
cidence point of @ and %, for k = . The proof is completed.

O

Inspired by the idea of Theorem 20, we can deduce the
corollary as follows:

Corollary 21. Let (%', G,) be a G,-metric space, and let @ :
W —W and P : W — CRB (W) be a p-hybrid map-
ping which satisfies the following hypotheses:

(i) QW' (W, G,)

(ii) 3 a continuous function 0 < 1 and s> 1 such that

TG, (P, Py Pv) <OME (16,14, V), (46)

where

A () = { G, (@x, Qu, @v), G, (Qx, Pk, Qv) }
Gb el ] -

Gy (Qv, Pv, @v), G,(Qu, Qu, @v)
(47)

Then, Q and P have the unique coincidence fixed point.

Proof. We prove the above corollary by following similar
steps of Theorem 20. Therefore, the proof is completed. [

Next, we demonstrate with an example for Theorem 20.

Example 6. Let 7 = [0,00) be endowed with the usual order-
ing on R and G,-metric on %" be given by G,(x, 4, v) =

(1/9) (| — | + | = v| + |k = v|)*, where s=27"" and p>1
with 2z, =0.5,2,=0.1, z; =0.2, and 2, =0.1.

Consider 7" to be G,-complete. Define a self-map as @ :
W — W by

Qk=<x, ke, (48)
and P : W — CRB (W) by
Pr=[0,«"], VkeW. (49)

Therefore,

(i) ¥ is a G,-complete subspace in %"
(ii) for B €0,1) in (20), we have

SHG, (Pre, Py Pv) <ONG (1, 4, v), (50)
where

e, (%1 v)
=2,(G,(@x, Qu, @v)? + z,( G, (Qx, Px, Px))P
+25(Gy(Pu, Qp, Q)
vz, (Gb(@c, Pu, Pv) + Gy (P, Qu, @v))"’

N

(51)
forall x, y,vew

Applying (i), we prove that P%  is a G,-complete sub-
space in 7. By Proposition 7, we have

1 4
Gy (16t ) < 5 (1= il + [ = ] + [re = i) = g e — i
(52)
1 2 4 2
Gy(p 1) < 5 (1= w] + [k =]+ | = ) = 5 [ = K"
(53)
By (52) and ((53)) in (9), we obtain
4 2, 4 28 2
do, (0 m) < Sle—pl + Slu—xl =g k-pP. (54

From (ii), assume that «, y,ve #". If k =y =v =0, then
Pr=Pu=Pv=0 and s¥ ; (P«, Py, Pv) = 0. The proof
is completed. Otherwise, we suppose that the value of «, y,
v are not all zero.

For k < u<v, we get

Y, (P, Py ) = 0, (0,6, [0, 7, [0,07). (55)



By (10), (55) is equivalent to
sup Gy(a, [0, "], [0,v"])F

0<a<k"

sup G, (b, [0,
0<bsur

sup Gy (c, [0, "], [0, w"])"

0<csv!

= max Kn]’ [0’ vn])P . (56)

V"], using (11)

Since k <y <wv, then [0,«"] [0, u"] [0,

yields

de, ([0, 4", [0, V")) =0, (57)

Now, for each 0<a <" and dg, (k, u) = (8/9)[x - ul” in

(11) and (12), we have
Gb(a> [0 w10,V
dg, (a, [0, u"]) +dg, ([0, "], [0,

8 P
\a—y"|2+0+§|a—v”|2)
p
8 z)
9
p , 8 ) p
) <|1c”—,u”| +§|K”—v”|) .

Next, for each 0 < b < p" and dGb(K, Y) =
(11) and (12), we get
Gy (b, [0, "], [0,v"])

= (dg, (b, [0,x"]) + dg, ([0, "], [0,

u'") +dg, (a [0,v"]))”

IN

. n2 A

1l ]
/\/\/\A

vl "ol w "ol x
)
=
+
B
<

(58)

(8/9)|x — u|* in

V') +dg, (b, [0,v"]))°

8 P
(§|b K[ +0+ — |b—v"|2)
:(§|b KPP+ = |b v|)
8 4 n n n n P
:(§> <|y - K |2+|K -v |2) .
(59)
Using the same approach, for each 0<+v", ((11)) and

((12)) give
Gy(c, 0K, [0, 7))
dg, (¢, [0, ")) +dg, (["], [0, u"]) + dg, (¢, [0, "))

8 p
|c—K”\2+O+ §|c—(4”|2>

|c—1€”\2+§|c—[4”|2 !

9
p »
) (\v“—x”\zﬂvn—‘u”f) .

Il
—

IN

I
A~ N 7 N\~
ol o Ol ® Ol o
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Consequently, using (58), (59), and (60) in (55), we
obtain

H, (Pre, P, Pv)
8 b n n2 n n2\?
Sup (g) (IK W K" —p I)

r P
<max { sup —) |y”—K”|2+|K”—v”|2)

() (
0<bsy® 9
8\? p
(9> <|vn_Kn|2+|vn_‘un|2)
8 p n n n n P
-(5) (v -wp).

sup
0<csvt

(61)

Further, we calculate the following G,-metrics. Equa-
tions ((11)) and ((12)) yield

G, (Qx, Qu, @v)Psz(g/E) Vi \3/‘_/)}7
p
~(5) (%= vm+ v (e
+ [Ve-v)).

In the same manner, we can calculate the following
G,,-metrics.

Gy(@x, Pr, PrcY = Gy (/. [0, "), [0, "))
- () |,
Gy (P> Qu, @V) = G, ([0, "), /i /)"
i @p(#"— VL + [V A

+|p - W}Z)p,

G, (@K, Py, PVY = G, (V/x, [0, 1)
-(5) (rf u\ VRl
Gy (Pr, Qu, @V) = Gy ([0, K", /i, /V)"
~(5) (e - vmP+ 1B~
+ e = vAl)"
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Applying the above equality in (20), we obtain

8\? P
S<§> (lvn_Kn|2+|vn_#n|2>

1 (5) (VR= v+ V= V3] VRV w2 (5 ) ¥R (5 (1= B+ |91 ¢ = VAT )

<0

(5) (W& v=vP)"+ (5)

By using the above inequality, for G,(1/4,1/3,1/2),n =
Lp=2,s=2"1=5=2,and z,=0.5,2,=0.1, z; =0.2, and
z, =0.1, it follows that

2% 0.006439567 < 6{0.5 x 0.000160182 + 0.1
% 0.065873215 + 0.2 x 0.097691847
+0.1 x0.020276367},

0.012879134 < 6{0.000080091 + 0.006587321
+0.019538369 + 0, 020276367 }

0.012879134 < 0.0464821486,
(65)

for 0= (z, +z, +2,)/(1 = (253 +24) < 1).

This shows that all «, ¢, v € 7 and the hypothesis given
in Theorem 20 are correct. Therefore, p-hybrid mappings
have an amazing coincidence fixed point. So, k=0 is a
unique coincidence fixed point of @ and . Clearly, #
is (2, @)-closed, and «, =0, (Q0, 20, F0) € W'

4. An Application to Nonlinear
Fractional Boundary Valued Problem in
G,-Metric Space

The nonlinear fractional differential equation is used as
convolution mapping. Convolution and associated functions
are found in many sciences, engineering, and mathematics
applications, such as the following:

(i) In physics: the system linear system with a
“superposition principle,” a convolution operation,
makes an appearance

(ii) Used in acoustics: Doppler effect of the sound
which is a convolution

(iii) In image processing: in digital image processing,
convolutional filtering plays a vital role in many
essential algorithms in edge detection and related
processes

K"~ il + |~ V] ey

=35

N

(64)

(iv) In optics: an out-of-focus photograph is a convolu-
tion of the sharp image with a lens function

(v) In radiotherapy: Most parts of all modern codes of
calculation apply the convolution-superposition
algorithm in the treatment of planning systems

(vi) In electric transmission lines

(vii) In a control system: to increase the speed of
response, decrease the relative stability, and
decrease or eliminate the steady-state error

(viii) Application of fractional-order circuit models for
modelling human tissue, plant physiology, and
respiratory system

(ix) Used in the tautochrone problem: a cycloid

For further literature, we refer the reader to [37-39] and
the references contained.

The Caputo derivative is used for modelling phenomena
that account for interaction within the past and problems
with nonlocal properties. In this case, one can think of the
equation as having memory; the groundwater equation
within confined, unconfined, leaky aquifers; and other diffu-
sion problems. In addition, fractional differential arises in a
dynamic process, rheology, fluid flows, viscoelasticity, chem-
ical physics, electrical network, and numerous other shorts
of science and engineering.

Inspired by [40, 41], we demonstrate the result of Theo-
rem 20 using a nonlinear fractional boundary valued prob-
lem by transforming it into a system of integral equations.

Now, we investigate the Caputo derivative with the frac-
tional order of the nonlinear fractional differential equation.

Definition 22 (see [41]). For continuous function f : [0,00)

— R, the Caputo derivative of functional order q is
defined as

“Dif(t) =

1_ ) J (t=s)" " f"(s)ds, (n—1<q<mmn=[q]+1),

I'(n 0

(66)

where [q] denotes the integer part of the real number gq.
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Definition 23 (see [41]). The Riemann-Liouville of
fractional-order q for continuous function f(¢) is defined as

rov= (@) .0

provided that the right-hand side is point-wise defined on
(0, 00).

$)" T f(s)ds, (n=[q] + 1),
(67)

Dif (1) =

Definition 24 (see [41]). The Riemann-Liouville of the frac-
tional integral of order g for continuous function f(t) is
defined as

th(t—s)q_lf(s)ds, q>0, (68)

= I'(q) Jo

provided that such integral exists.

The Caputo fractional differential equation and the non-
linear fractional equation are used as convolution mapping,
which has several applications in science, engineering, and
mathematics, i.e., optics and radiotherapy.

We consider the following Caputo nonlinear boundary
value fractional differential equation, defined as follows:

€(0,1),1<a<2,

{ “Dik(t) = f(t, (1)), (69)

1(0) = 0, a[Ix] (1) = (1),

where ¢D? denotes the Caputo fractional derivative of
order g and f : [0,1] — %  is a continuous function and
a#(L(p+2))m*, 1<g<2.

Let 7 = C([0, 1]) be the set of real continuous functions
defined on [0, 1], for k, p, v € 7', and define the G,-metric
G, W xW xW — R, given by

2
Gulos )= 5 | sup [ + sup lj =] + sup [~ v|]
te[0,1]

te[0,1] te[0,1

(70)

Vi, u, v € W Then, (W', G,) is a complete G,-metric space
with s = 2. For y = v, the above inequality becomes

O | &

Gy (%, ph ) = lsup |K—M|] . (71)

te[0,1]

Abstract and Applied Analysis

The nonlinear fractional differential equation (69) can be
transformed to integral equation as follows:

- Lr(t )T f (s, x(s))ds

I'(q) Jo
_ IL(p+2)t 1 et
I'(q)(r (p+2)—m1p+1)L(1 ) f (s, x(s))d
ap(p +1)t
r(g)(I(p+2)-

JO “O =5 s f (3 K(Z))dz} ds.

x(t)

06111”1 )

(72)

Now, we investigate the theorem below.
Theorem 25. Consider the hypotheses below:

(i) feCUXW, W) is continuous

(ii) 3 an increasing function f : [0, 1] x R — R,, such
that

(6 5(5) ~F (6 1(5) < S AT (o), (73)

where ./V‘f;b(K, V) = (419)|x(s) — p(s)| and

NG, (164, v)
=2,(Gy (@, Qu, @V)) + z,(G,(Cx, P, Px) )

+23(G, (P, Qu, Qv)
.. (Gb(@c, P, PV) + Gy (Pr, G, @v))P
4 >

s
(74)
forp=0,15,u,veW
(iii) There exists (0/s) € [0, 1) such that
0o, [(p+2)t
al'(q)  al(@)(I'(p+2) - an*’)

2 (75)

ap(p+ 1)t - 0

T(q)(T(p+2)—anp )| s

Then, equation (69) has a coincidence solution as a fixed
point k€ C(L,W").
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Proof. Let us define 2@ : C([0, 1]) — C([0, 1]) by

Pax(t) = L Jt (t =) f (s, x(s))ds

I'(q) )o
- d hed 1 — )17 f (s, k(s))ds
F(q)(F(p+2)_(xrlp+1)J0(1 )47 f (s, x(s))d.
ap(p+1)t

I(g)(I(p+2)-an*!)
(| [or=or =2 sonaz)as

<

(76)

for t € [0, 1]; then, 9@ is a compatible and continuous map-
ping, such that

q

Qx(t) = J (s—2)* ' f(z k(2))dz. (77)

0

This implies that @ € 2@ and @ possess a coincidence
fixed point x* € Q. To prove the existence of the coinci-
dence point of 9@, we prove that @ is continuous
and a contraction. To see that 9@ is continuous, assume
that 2@k + PQy, for all «, €0, 1].

For x,u,ve C([0,1]), u=v with x <y, we claim that
HY, (P, Py, Pu) £ (615) 7, (16, 4y 1)

By hypothesis (ii), we have

74, (P P P10

. 2
< —|sup|k—y|| ,
9 | tefo.)

|Pax - Pay|
_Lt — OV s rels)ds — I(p+2)t
- [mnjo“ VUSRS Fs T+ 2) - e
ocp(p+1)t

[ i e e S

| J 0 “ - s K(z))dz} ds

0

= o

- ﬁj;a—s)“f(s,y(s))ds

N T(p+2)t Jl
L(q)(I(p+2) = an™t)

B ap(p+ 1)t
I(q)(I'(p+2) —ant*t)

3 U;w -9 u(z))dz} ds]z

(1=9)""f (s u(s))ds

0

11
< {ﬁ J;(t - 5)‘1*1 If (s, k(s)) = f(s, u(s))|ds
I'(p+2)t
L(q)(L(p+2)—antl)
| =9 ) s sl
ap(p+ 1)t
I'(q)(I'(p+2)- (x,/lpﬂ)
. JZ JO(W - S)P*I(S - Z)qfl |f(z,x(2)) = f (2 y(z))|dz} ds}
5 {%q) J;(t‘5>q‘”<<s> ~u(s)]ds
I'(p+2)t 1 .
' IL(q)(I'(p+2)—anptt) JO(I = )T |K(s) = p(s)|ds
+ ap(p+ 1)t
F(q)(T(p + 2) — m,lp+1)
L o= e= 2 i) - izt
4 t1
- § |:q1"(q) HK(S) _Al’l(s)”oo
I'(p+2)t I
* T @Tp+2) —ap) I 7Ol
ap(p+ 1)t o 2
T e 1K) =8
< { A T(p+2)t
T lal(q)  ql(q)(T(p+2) - anr*h)
ap(p+ 1)t 2% el
+ [‘(q)(F(P+2)_m7p+1):| 9” (s) —u( )Hoo

2
46 , 46 6,
< 5 Ix(s) ~ ()%, = 5. [sup |x—u|] = S (k).

te[0,1]

This implies that
0
K, (Pre, Py, Py) = | POk - PQu| < ;/ng(x, uv), (79)

equivalent to
SHe, (Prc, Py Pp) SONG (k1 v), (80)

which is a contradiction. Therefore, 2@ is a p-hybrid con-
traction mapping on 7.

Hence, « is a coincidence fixed point of & and @ and
also a solution to integral equation (72) and a solution of
the nonlinear fractional differential equation (69). Therefore,
we can conclude that all the hypotheses given in Theorem 20
and Theorem 25 are satisfied. Hence, the proof is completed.

O



12

Data Availability

No data were used to support this study.

Additional Points

Code Availability. No code was used in this paper. Rights and
Permissions. Open access. This article is distributed under
the terms of the Creative Commons attribution.

Conflicts of Interest

The author declares that there are no conflicts of interest.

References

(1]

9]

(10]

(11]

(12]

(13]

S. Banach, “Sur les opérations dans les ensembles abstraits et
leur application aux équations intégrales,” Fundamenta Math-
ematicae, vol. 3, no. 1, pp. 133-181, 1922.

S. B. Nadler, “Multi-valued contraction mappings,” Pacific
Journal of Mathematics, vol. 30, no. 2, pp. 475-488, 1969.

S. A. Naimpally, S. L. J. Singh, and H. M. Whitfield, “Coinci-
dence theorems for hybrid contractions,” Mathematische
Nachrichten, vol. 127, no. 1, pp. 177-180, 1986.

K. Goebel, “A coincidence theorem,” Bulletin Del Academie
Polonaise Des Sciences-Serie Des Sciences Mathematiques
Astronomiques Et Physiques, vol. 16, pp. 733-735, 1968.

S. Chauhan, M. A. Khan, Z. Kadelburg, and M. Imdad,
“Unified common fixed point theorems for a hybrid pair of
mappings via an implicit relation involving altering distance
function,” Abstract and Applied Analysis, vol. 2014, Article
ID 718040, 8 pages, 2014.

M. Imdad, S. Chauhan, A. H. Soliman, and M. A. Ahmed,
“Hybrid fixed point theorems in symmetric spaces via com-
mon limit range property,” Demonstratio Mathematica,
vol. 47, no. 4, p. 949, 2014.

M. Imdad, S. Chauhan, and P. Kumam, “Fixed point theorems
for two hybrid pairs of non-self mappings under joint com-
mon limit range property in metric spaces,” Journal of Nonlin-
ear and Convex Analysis, vol. 16, no. 2, pp. 243-254, 2015.
H. K. Nashine, M. Imdad, and M. D. Ahmadullah, “Using
(JCLR)-property to prove hybrid fixed point theorems via
quasi F-contractions,” Journal of Pure and Applied Mathe-
matics, vol. 11, no. 1, pp. 43-56, 2020.

L. Wangwe and S. Kumar, “A common fixed point theorem for
hybrid pair of mappings in a generalized (F, ¢, 17)-contraction
in weak partial b-metric spaces with some application,”
Advances in the Theory of Nonlinear Analysis and its Applica-
tions, vol. 4, no. 5, pp. 531-550, 2021.

L. Wangwe and S. Kumar, “Some common fixed-point theo-
rems for a pair of p-hybrid mappings via common limit range
property in G-metric space,” Advances in the Results in Non-
linear Analysis, vol. 4, no. 2, pp. 87-104, 2021.

I. A. Bakhtin, “The contraction principle in quasi metric
spaces,” Functional Analysis, vol. 30, pp. 26-37, 1989.

S. Czerwik, “Contraction mappings in b-metric spaces,” Acta
Mathematica et Informatica Universitatis Ostraviensis, vol. 1,
pp. 5-11, 1993.

S. Czerwik, “Nonlinear set-valued contraction mappings in b
-metric spaces,” Atti del Seminario Matematico e Fisico
dell'Universita di Modena, vol. 46, pp. 263-276, 1998.

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

[25]

[26]

(27]

(28]

(29]

Abstract and Applied Analysis

E. Ameer, H. Aydi, M. Arshad, H. Alsamir, and M. S. Noorani,
“Hybrid multi-valued type contraction mappings in a-K-
complete partial b-metric spaces and applications,” Symime-
try, vol. 11, no. 1, p. 86, 2019.

Z.D. Mitrovi¢é, “A note on a Banach’s fixed point theorem in b
-rectangular metric space and b-metric space,” Mathematica
Slovaca, vol. 68, no. 5, pp. 1113-1116, 2018.

H. Qawaqgneh, M. S. M. Noorani, and W. Shatanawi, “Fixed
point theorems for (a, k, 0)-contractive multi-valued mapping
in b-metric space and applications,” International Journal of
Mathematics and Computer Science, vol. 14, no. 1, pp. 263-
283, 2019.

H. Qawaqneh, M. Md Noorani, W. Shatanawi et al., “Fixed
point results for multi-valued contractions in b- metric spaces
and an application,” Mathematics, vol. 7, no. 2, p. 132, 2019.
W. Shatanawi, K. Abodayeh, and A. Mukheimer, “Some fixed
point theorems in extended b-metric spaces,” UPB Scientific
Bulletin, Series A: Applied Mathematics and Physics, vol. 80,
no. 4, pp. 71-78, 2018.

Z. Mustafa and B. Sims, “Fixed point theorems for contrac-
tive mappings in complete G-metric spaces,” Fixed Point
Theory and Applications, vol. 2009, Article ID 917175, 10
pages, 2009.

Z. Mustafa and B. Sims, “A new approach to generalized met-
ric spaces,” Journal of Non-linear and convex Analysis, vol. 7,
no. 2, pp. 289-297, 2006.

M. Abbas and B. E. Rhoades, “Common fixed point results
for noncommuting mappings without continuity in general-
ized metric spaces,” Applied Mathematics and Computation,
vol. 215, no. 1, pp. 262-269, 2009.

A. Kaewcharoen and A. Kaewkhao, “Common fixed points for
single-valued and multi-valued mappings in G-metric spaces,”
International Journal of Mathematical Analysis, vol. 5, no. 36,
pp. 17751790, 2011.

Z. Mustafa, M. Arshad, S. U. Khan, J. Ahmad, and M. M. M.
Jaradat, “Common fixed points for multi-valued mappings in
G-metric spaces with applications,” Journal of Nonlinear Sci-
ences and Applications, vol. 10, pp. 2550-2564, 2017.

A. Shoaib and A. Shahzad, “Common fixed point of multi-
valued mappings in ordered dislocated quasi G-metric spaces,”
Punjab University Journal of Mathematics, vol. 52, no. 10,
2020.

N. Tahat, H. Aydi, E. Karapinar, and W. Shatanawi, “Common
fixed points for single-valued and multi-valued maps satisfying
a generalized contraction in G-metric spaces,” Fixed Point
Theory and Applications, vol. 2012, no. 1, 2012.

A. Aghajani, M. Abbas, and J. R. Roshan, “Common fixed
point of generalized weak contractive mappings in partially
ordered Gb-metric spaces,” Univerzitet u Nisu, vol. 28, no. 6,
pp. 1087-1101, 2014.

H. Aydi, D. Raki¢, A. Aghajani, T. DoSenovi¢, M. S. M.
Noorani, and H. Qawaqneh, “On fixed point results in Gb
-metric spaces,” Mathematics, vol. 7, no. 7, p. 617, 2019.

V. Gupta, O. Ege, R. Sain, and M. D. 1. Sen, “Various fixed
point results in complete Gb-metric spaces,” Dynamic Systems
and Applications, vol. 30, no. 2, pp. 277-293, 2021.

N. Makran, A. El Haddouchi, and B. Marzouki, “A generalized
common fixed points for multi-valued mappings in Gb-metric
spaces with an application,” University Politehnica of Bucha-
rest Scientific Bulletin-Series A-Applied Mathematics and Phys-
ics, vol. 83, no. 1, pp- 157-168, 2021.



Abstract and Applied Analysis

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

Z. Mustafa, M. M. M. Jaradat, H. Aydi, and A. Alrhayyel,
“Some common fixed points of six mappings on G_b-metric
spaces using (E.A) property,” European Journal of Pure and
Applied Mathematics, vol. 11, no. 1, pp. 90-109, 2018.

J. R. Roshan, N. Shobkolaei, S. Sedghi, V. Parvaneh, and
S. Radenovic, “Common fixed point theorems for three maps
in discontinuous G, metric spaces,” Acta Mathematica Scien-
tia, vol. 34, no. 5, pp. 1643-1654, 2014.

S. Sedghi, N. Shobkolaei, J. R. Roshan, and W. Shatanawi,
“Coupled fixed point theorems in Gb-metric spaces,” Matema-
tichki Vesnik, vol. 66, no. 2, pp. 190-201, 2014.

E. Karapmar, H. Aydi, and A. Fulga, “On-hybrid Wardowski
contractions,” Journal of Mathematics, vol. 2020, Article ID
1632526, 8 pages, 2020.

E. Karapmar, O. Algahtani, and H. Aydi, “On interpolative
Hardy-Rogers type contractions,” Symmetry, vol. 11, no. 1,
p. 8,2019.

P. Agarwal, J. Mohamed, and B. Samet, Fixed point theory in
metric spaces, Springer, 2018.

C. Vetro and F. Vetro, “Common fixed points of mappings sat-
isfying implicit relations in partial metric spaces,” Journal of
Nonlinear Sciences and Applications, vol. 6, no. 3, pp. 152-
161, 2013.

A. Cabada and G. Wang, “Positive solutions of nonlinear frac-
tional differential equations with integral boundary value con-
ditions,” Journal of Mathematical Analysis and Applications,
vol. 389, no. 1, pp. 403-411, 2012.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and
Applications of Fractional Differential Equations, Elsevier,
2006.

Y. Zhou, J. Wang, and L. Zhang, Basic Theory of Fractional
Differential Equations, World Scientific, 2016.

B. Ahmad, S. K. Ntouyas, and A. Alsaedi, “New existence
results for nonlinear fractional differential equations with
three-point integral boundary conditions,” Advances in Differ-
ence Equations, Symmetry, vol. 2011, article 107384, pp. 1-11,
2011.

W. Sudsutad and J. Tariboon, “Boundary value problems for
fractional differential equations with three-point fractional
integral boundary conditions,” Symmetry, vol. 2012, no. 1,
2012.

13



	Coincidence Fixed-Point Theorems for p-Hybrid Contraction Mappings in Gb-Metric Space with Application
	1. Introduction
	2. Preliminaries
	3. Main Results
	4. An Application to Nonlinear Fractional Boundary Valued Problem in Gb-Metric Space
	Data Availability
	Additional Points
	Conflicts of Interest



