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In this article, we mainly discuss the existence and uniqueness of fixed point satisfying integral type contractions in complete
metric spaces via rational expression using real-valued functions. We improve and unify many widely known results from the
literature. Among these, the work of Rakotch (1962), Branciari (2002), and Liu et al. (2013) is extended. Finally, we conclude
with an example presented graphically in favour of our work.

1. Introduction

We start this section by recalling the definition of Lebesgue-
integrable function. Notify L as a function defined as

L={l:R"—R"}, (1)

which is nonnegative, summable on each compact subset of
R*, and such that for each £ >0,

rl(m)dm > 0. 2)

0

Branciari [1] in 2002 independently and essentially
deduced the following result, as an extension of most famous
problem of Banach in 1922.

Theorem 1 [1]. Let (P, d) be a complete metric space, 0 < s < 1,
and U : P— P is a map. If for each g, h € P

d(g:h)

jdwgm i(m)d o)

where | € L. Then, z € P is a unique fixed point of U.

Rhoades [2] made a major extension in 2003 of Branciari
[1] by proving a more genral result. His proof introduced a
number of interesting ideas for other reseachers to study
on integral type of contracions. Prior to Branciari [1] works,
Kumar et al. [3] had been able to derive Jungck’s [4] fixed
point result in sense of integral type contractions. Mocanu
and Popa [5] proposed following lemmas that are useful
for deriving our main theorem.

Lemma 1 [5]. Let [ € L and (r,) . be a nonnegative sequence

with lim,__, r, = c then
lim J Sl(m)dm = 0implies lim r,=0. (4)
§—00 0 §—>00

Lemma 2 [5]. Let [ € L and (r,) . be a nonnegative sequence

with lim,_|_r = c then

Jim [ty = | 1myd. (5)

0 0

Further, Liu et al. [6] extended Branciari’s work by
including real-valued function and improved the result of
Rakotch [7].


https://orcid.org/0000-0002-7131-2664
https://orcid.org/0000-0003-4516-6955
https://orcid.org/0000-0002-9835-0935
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/2592507

Theorem 2 [6]. Let U be a self-mapping on a complete metric
space (P, d) satisfying

d(Ug.Uh) d(gh)
J I(m)dm < 8(d(g, h))J I(m)dm, (6)
0 0
for each g,heP, § : (0,00) — [0, 1) s.t.
lim supd(s) < I,Vs > 0, (7)

andleL. Then Pz=z forall ze U.

In addition to previous findings, Gupta et al. [8] in 2012
proposed a work for 2 compatible self-maps and derived a
result satisfying integral type contraction. In contrast to
Rakotch’s result, further in 2013, Gupta and Mani [9] placed
a rational contraction using real-valued function and estab-
lished their theorem.

Theorem 3 [9]. Let U be a self-map on a complete metric
space (P, d). If for each g, h € P

d(Ug,Uh) w(g,h)

| tmamsyag )| iomam, @)
where

w(g ) =max {AOCELI a0

leL and a function y: (0,00) — [0, 1) with lim,__,
sup y(s) < I for all n> 0. Then, U has a unique fixed point
in P.

About the same time, Liu et al. [10] come with different
approach and set up three distinct results for integral type
contractions. These studies further give other aspects of
integral contractions for researchers, in particular related
problems on real-valued functions. Some motivated results
on integral type contractions and in metric spaces are refer
to see [11-17].

This article is devoted to state the theorem containing
real-valued function and to prove the theorem satisfying
integral type rational contraction. Our finding extends and
generalized some renowned result. An example with graph-
ical representation has been given in favour of our work.
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2. Fixed Point via Rational Contraction and by
Using Real-Valued Function

Geraghty [18] defined the following class of test function
which is more general than the Rakotch [7].

Definition 1 [18]. Define S= {y|y: [0,00) — [0, 1)} satisfies
the condition

y(t;) — limplies t; — 0. (10)

Example 1. Define the function

y(t): 7V10g[t2+1], (11)

t
Clearly, y(t;) <1 and y(t;) — 1implies t; — 0.

Theorem 4. Let U be a self-mapping on a complete metric
space (P, d) and are such that for each g, h € P

w(g.h)

d(Ug,Uh)
J I(m)dm, (12)

I(m)dm < y(d(g, h))j

0 0

where

(g ) = max { d(g ), (@ U9)d(h Uh) d(h, Un)d(g. Uh)})

1+d(g.h)  1+d(Ug, Uh)
(13)

leL andyeS. Then U has a unique fixed point.

Proof. Set initial approximation g, € P as an any arbitrary
point in P. In general, construct {g,} in P such that

Ugizgiﬂ' (14)

First, we assert that lim;__,_d(g,, g;,;) =0.
From Equation (12), Vi >0, we have

d(gi’gi+l> w(gi—l’gi)
J l(m)dmswd(gi-pg»)j im)dm, (1)

0 0

where

d(g,1,Ug,_,)d(g,Ug;) d(9,Ug,,)d(g,-1>Ug,)

w(g; ;> g;) = max {d(gi_p 9:)

1+d(Ug,,,Ug,) },

1+d(g;_1> 9;)
—max {d(g, ., g), 29190490 9in1) 49 9)H G- 12 i) (16)
U 1+ d(g,9) 1+d(g;» 9i11) ’

=max {d(g;_,>9;)>4(9p 9ir1) }-
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Now, if d(g;, g;,,) > d(g;1> 9;)> then w(g;_,» g;) = d(g;,
g;.1). Hence, from Equation (15) and using the fact that
y €S, we arrived at a contradiction. Therefore, d(g,, g;,,) <
d(g;.1> 9) and sow(g, ,, g;) =d(g;.. g)-

Thus, Equation (15) implies that

d(gpGin1) d(9g;-1-9;)
| tomdm < yiatg, g [ tomdm. 17

0 0

Since y € S, we have

d(gigin1) d(gi-1-9:)
J I(m)dm < J I(m)dm. (18)
0 0
Similarly,
d(;_1-9;) d(g;_»9i-1)
J I(m)dm < J I(m)dm. (19)
0 0

Thus, a monotone decreasing sequence {jg(g"’g”l)l(m)

dm} of nonnegative reals has obtained, and so there exists
s>0 such that

d(gi-Fie1)
lim J I(m)dm=s. (20)

i—00 0

Assume that s>0. Letting i — 0o in Equation (15)
and using Equation (20), we get s<s, as y € S, a contradic-
tion, implies s=0 and hence

d(gi-9i11)
lim J I(m)dm=0. (21)

i—00 |
Lemma 1 implies
Jim d(g;, gi.,) =0 (22)
Next, we assert that sequence {g,} is Cauchy.
Assume that for an € > 0, there exists subsequences {g, }
and {g,, } of {g,} with w;>i >s,s> 0 satisfying
d(gw,gi))zeandd(gw_l,gi)<e, (23)

Vs > 0, consider

where

d (ng > gws) d (giH > gis) d (gis,l > gws> d (ng > gg) (25)

w(gwﬂ,giﬂ) = max d(gwﬂ, g,»kl),

Triangle inequality implies that
d (9%1 > giﬂ) = d(ng > g,;) +d (9;‘5’ giﬂ) : (26)

From Equation (23), d(g,, ,g; )<e+d(g;.9; )

On taking limits and using Equations (22), we get

s-1

lim d(g,, .9, )= (27)
Again, we know
d(gis,l’ gwj) £ d(gis,l) gwﬂ) + d(gwﬂ, gw5>. (28)

Therefore, on taking lim
we get

and using (23) and (22),

$—00

limd(g, .g,)=e. (29)

1+ d(gwﬂ, giH)

>

1+ d(gws, giH)

Hence, from Equation (25), on taking lim,_ . and
using Equations (23), (27), and (29), we get
lim w(ng, giﬂ) =e. (30)

Thus, on letting lim Equation (24) implies that

§——00?

[ tcm)am < &) 1mam, (31)

0 0

where we arrived at a contradiction as y € S. Therefore,
sequence {g;} is Cauchy. Call a limit v such that from (12)

lim g,,, = lim Ug,=v. (32)
1—>00 1—>00

Now, assert that v is a fixed point of U.
Indeed, continuity of U implies that

v=lim Ug,=U lim g;=Uv. (33)



Secondly, assume U is not continuous and also let
Uv # v. Then, clearly d(Uv,v) #0. Assume that d(Uv,v) >
0. Therefore

d(Uvyv) d(Uv.gi.1)
0< J I(m)dm = lim J I(m)dm

where

w(v, gl) = max {d(V, g’_)’ d(V, Uv)d(gi’ Ugr) d(gi’ UV)d(V, Ugl)}

1+d(v, g,) 1+d(Uv, Ug,)
(35)

Take lim; _,, we obtain

{d(v, V), d(v, Uv)d(v,v) d(v,Uv)d(v,v) }

li ,g;) = >
im w(v. g;) = max 1+d(v,Ug;) 1+d(Uv,v)

i—00

=0.
(36)

Hence from (34),

d(Uv,v) d(Uv,Ug;)
0< J I(m)dm = J I(m)dm <0, (37)
0 0

Therefore, Uv =v.
For uniqueness, assume there exist a point s# v other
than v s.t d(Us, s) = 0. Consider,

d(s,v) d(Us,Uv) w(s,v)
J l(m)dm=J I(m)dm < y(d(s, v))J I(m)dm,

0 0 0

(38)

where

w(s, v) = max {d(s, V), d(s, Uv)d(v, Uv) d(v, Us)d(s, Uv)}

1+d(s,v) 1+d(Us, Uv)
3 d(s,s)d(v,v) d(v,s)d(s,v)
- max {d(s,v), L+d(s,v) ~ 1+d(s,v) }

(39)
Since d(s, v)/1 + d(s,v) < 1, therefore
w(s, v) <max {d(s,v),0,d(s,v)} <d(s, v). (40)

Using the fact that y € S and from (38), we have
d(s,v) d(s,v)
J I(m)dm < J I(m)dm. (41)
0 0

This implies s = v, and hence, fixed point of U is unique.
This accomplished our proof. O
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Theorem 5. Let a self-map U on a complete metric space
(P, d) such that for each g,h€P

Jd(Ug,Uh) d(g:h)

I(m)dm < 8(d(g, h))J I(m)dm
’ (42)

i(g.h)
+y(d(g h))j

0

I(m)dm,
0

where

i(g, h) = max {d@f’ Ug)d(h, Uh) d(h,Uh)d(g. Uh)}

1+d(g,h) 1+d(Ug, Uh)
(43)

leL and 8,y €S with §(m) +y(m) < 1. Then, U has a
unique fixed point.

Proof. Since 6,y € S with §(m) + y(m) < 1. Let y(m) = max
{8(m), y(m)}. Then from Equation (42), we have

d(g:h)

Jd( Ug,Uh) l( )d
m)am

I(m)dm <8(d(g, h))J
0 0
i(g.h)
e y(d(g )| " tm)am
0
max {d(gh).i(gh)}
I(m)dm

< (g )|
< y(d(g, )|

(44)

where

w(g, h) = max {d(g, ), U9 Ug)d(h Uh) 'd(h, Uh)d(g. Uh)}

1+d(g,h) 1+d(Ug, Uh)
(45)

Rest of the proof is on the same line of Theorem 4. [

If we take I(¢) = 1, then we have the following two conse-
quence results from our main theorem

Corollary 1. Let a self-map U on a complete metric space
(P, d) such that for each g,h€P

d(Ug, Uh) <y(d(g, h))w(g, h), (46)

where

(g ) = max { d(g ), (g U9)d(h Uh) d(h, Un)d(g. Uh)})

I+d(g.h)  1+d(Ug, Uh)
(47)

and y €S. Then, U has a unique fixed point.
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FIGURE 1: Graphical representation of inequality satisfying Example 2. Also showing the graph of curves y =+/x and y = x with fixed

point x=1.

Corollary 2. Let a self-map U on a complete metric space
(P,d) such that for each g,heP

d(Ug, Uh) <8(d(g,h))d(g, h) +y(d(g, h))i(g, h), (48)

where

i(g, h) = max {d(g, Ug)d(h, Uh) d(h, Uh)d(g, Uh)}’

1+d(g,h) 1+d(Ug, Uh)
(49)

and 8,yeS with 8(t)+y(t)<1. Then U has a unique
fixed point.

Example 2. Let P = N. Define the metric d(g, h) = max {g, h},
for all g,heP. Clearly, (P,d) is a metric space. Define a
function U:P—— P as U(g)=,/g,Vg€P. Also defined
leL as l(m)=2m,YmeR" and § : Rt — [0, 1) is defined
by 8(m) =9/10

Figure 1 showing the plot of inequality (12) satisfying the
Example 2. Thus, all the conditions of Theorem 4 are satis-
fied. Clearly, 1 € P is a fixed-point of U.

Remark 1. Theorem 4 and Theorem 5 are unified and
extended results of Liu et al. [10] and Branciari [1].

Remark 2. Corollary 2 is an extension of the result of
Rakotch [7] with more general test functions.

Remark 3. In Theorem 5, on letting y(¢) = 0, we obtain the
result of 1.2 (result of Liu et al. [10]).

Remark 4. If we take y(t) =0 in Corollary 2, we deduc the
result of Geraghty [18].
3. Conclusion

We conclude this note by mentioning that our proved result
is a further extension of Branciari result into other settings.
Some remarks and an example are given to justify that our
results are extension and generalized version of some known
results of literature.
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