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Abstract

Many researchers have expended their efforts on Hardy-Littlewood Maxima operator but little or
no work has been done if the operator is acting on a power function.

In this article, new characterization of Hardy-Littlewood Maxima operator bounded from
LP(R"™, wdx) to L1(R", vdx) for weight functions v(x) and some non-trivial w(x) are proved.
Our novel methods generalized and sharpened Wo-sang Young results to perfection.
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1 Introduction

Maximal functions are usually expressed in term of the suprimum, with respect to parameters,
classes of operators, mappings, or transformations. For any given Lebesgue measurable function
f(x) on R, the maximal functions are:

M*f(x) = sup {(u —x)7!| [ f(t)dt |:u > x} and
M~ f(x) = sup {(x —w) 7| [*f(©)dt |:x > u}.

Also, we let Mf (x) = max(T*f(x), T f(x)) = sup {(u — x)7!| fxuf(t)dt |:u # x} and T be
the Hardy-Littlewood maximal operator defined by

1
Tf(x) = SUP»ome(X,r) |f] dy (1.1)

where B(x, ) is the ball of radius 7 centered at x and |B(x, r)| is its Lebesgue measure.

Rubio de Francia (1981) observed the following:
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THEOREM 1.1

Given v = 0 and 1 < p < oo, the following conditions (a) and (b) are equivalent:
(a) There is w < o0 almost everywhere such that

f |Tf|Pvdx < C f 1P wdx (1.2)
R™ R™
forall f € LP (R", wdx).

(b) u € Ljpe(R™) and ([ _p u)% = 0(RM) (R - o0).

He conjectured that (b) is sufficient for (a). Similar result was obtained by Carleson and Jone
(1981) and Fefferman and Stein (1971). Also, Wo-sang Young (1982) obtained the necessary and
sufficient condition for (a) and proved the following result:

THEOREM 1.2

Givenv = 0 and 1 < p < oo, there is w < oo almost everywhere such that

f |Tf|Pvdx < C f 1P wdx (1.3)
R™ R™
is equivalent to

v(x)

ny\pP
wr (14 x[")
for all f € LP (R™, wdx), where C denotes a constant depending only on n and p.

x < 0o

Kerman and Sawyer (1989), Oguntuase and Adegoke (1999), Rauf and Imoru (2002) and Rauf
and Omolehin (2006) obtained some generalization of weighted norm inequalities for integral
operators.

In this paper, we obtain necessary and sufficient condition on weight function v > 0 such that the
Hardy-Littlewood maximal operator is bounded from L? (R", wdx) to LI(R™,vdx) and 1 <p <
q < oo for some w < oo almost everywhere. Occasionally, we shall use x to replace x4 -+ x,,, dx
to replace dx; -+ dx, and similarly for y and dy.

2 Main Results
The statement of the results is as follows:

THEOREM 2.1

Let v = 0 and suppose T is Hardy-Littlewood maximal operator defined by (1.1). For p(1, o) and
p~t+ g7t = 1, there exists w(x) < oo almost everywhere and C(n,p,q) > 0 such that:
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n
[ Gl vz e di < € [ 176wl wids - dx, @1
R R

i=1

for any given convex function f € LP (R"™, wdx), if and only if
J Vi(%xg - Xn)
R

n(1+ le'“xnln)p_l

dx, - dx, < oo (2.2)

The inequality (2.1) holds with v; equal to (2.2).

Proof:

Let A denotes a set with positive measure for which w is bounded almost everywhere. Suppose
Ac{|x| =Mj}foralll <M <ooandlet f = Yagx,xy, y,-y,)-

Then,
n
f |TfCey )| Z vidxy - dx, :f (XA(xl“-xn, yl_,,yn))qwidxl e dx,
R" ‘ _
i=1
<C [ 1fGnxl widx, - dx,
]R‘Il

by (1.2)

= fA Wi < oo
for |x; -+ x,| > M, weletl = (Tf)(x1 - Xy).
Then,
|A]

dv. «-dv. > C
|f vl dyy -+ dyy 2 T

I= —_—
SPr>o |B(x,r)| B(x,r)

n n
f |I|qz:vidx1 cedx, = f |Tf(x1"‘xn)|qzvidx1“'dxn
R" =1 R™

i=1

q
1
= sup [ |f(y ey )| dy - dy > E v-dxl vedx
jRn ( r>0 |B(x, r)l BGxr) 1 n 1 n / i n

><Cqu Tavila )
— 1
M) (1 4 |, ...xn|")” !

Al v;(xy 0 x
(] e e
R (14 |2 xa]")

Since the left hand side of this inequality is finite, so also the right hand side.

Hence,
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Hence,

dxq - dx, < ©

J Vi (g - xp)
R

n n\p—1
(1+ |x1"'xn| )
which shows that (2.1) implies (2.2).

Conversely, let

v(x;) ifv(x;) =1
i ifv(x) <1
foralli €N
Then,
=1 vi(x "'xn)_ dx, - dx, < (ri(x)) +1) + -+ (Vn(icn) +n) e dx,
nyp—1 ny\p-1
R (1+ [ 2 |™) R" (14 [xy - xa|")

dx; - dx,

zf Qs (i () + D)

(14 |2y |")

< f L1 vi(x) dx, - dx, + f =1t dx, - dx, (2.3)
R

n\p—1 nyp-1
Rn(1+|x1"'xn| ) n(1+|x1"'xn| )
Each term of (2.3) is finite, since v < Y.1-; v; and therefore (2.3) is finite.

A . .
On the other hand, assume |x| < R we have, I = C !R—nl. We need to establish that there is a
weight function w(x) finite almost everywhere such that:
n

[ I ml®Y vy <€ [ 1fG e m) P wid - dx @4)
R — R

for all convex function } € LP(R", wdx).

2_
Letu(x) = (1+ |x, xn|n) P and take T(u Y™, v;) < oo almost everywhere, then, to see this,
we shall first consider {|x| < R}. For any such x, we have

n n
1 z E

SupTiS]R_nf u v < CT le{lyxl)IS]R} (x)
Ty —xi|<r; L

i=1 i=1

i=1
We claim that T (Z?zl v; X{Iyilsm}) (x) is finite almost everywhere, since Y., v; € L}, (R™)

Next assume > M € R, we have

sup 1 J u v, < sup 1 J = i) y y
<R TH i < SUPr,<r Th m—dy, - dy,
T Ny, —xi|<r; 4 T Jyl<2r, Ju@)P 2

i=1
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Xievi(v)
<cC ——dy, ---d
R 2 P/—u(y)p_l yl yn
<c i-1 Vi()’i)d

e Afu@yy?

where ' = C(1+ |y|™).

Hence, T(u; Y™, v;) < oo almost everywhere. Now, let w; = uj 3T (u; X, v;). Then, w; <
almost everywhere. It is sufficient to show that (2.4) holds for this w;(x).

Let f € LP(R"™, wdx), and for k € {N U 0} and f;, = fl')({zk<|x|<2

k+1} the quantity

(s—x)7t fxsf(y)dy is continuous on s on the real interval (x, 00), it follows that Ap¢(x) is an

open set for any particular positive real number x. Also, let {(a,(x)), (bx(x))} be the class of
disjoint open interval such that Ap+,(x) = Y2,(ay, b,) and A c {|x|] <R} then we have
Arp(x) € Ap+p () A (x).

Hence,
MmArg(x) < mAp+,(x) + mAr-¢(x)

=x1 (L f(ydy +f f(y)dy>

7+ () Ar=(x)

<2t fody
Arg(x)

In addition, we have
n

n
[ ey vy sc2ned [ irgire Y vy
x|<2 R™

i=1 i

i=1
n
< Czkn(p_l)f |fk|pT<uiz vi) dy
]RTL

=1
< €27 %nl-D f |fielP widy
]RTL
Thus, for |x| > 2¥*1, we have,
e <o 11
k(X) < 7
|x|" 2k<|x|<2k+1
C 11
=— Iflwlw, @
|x|™ 2k<|x|<2k+1 o
1 1

I J . P q
< lPwf f wi!
|x|n< R ¢ 2k<|x|<2k+1 ¢

By Holder’s inequality, we have,

" S v >< p_1>< _1>"_1
q < ci=1 AV Pyl -
£x|>zk+2|Tfk| Z Ui < C< - 2-p /—u(x)p X fRnlfl WL Lks|x|<2k+1WL
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To estimate the last factor, we observe that for 2% < x| < 2%, which means that

n
c Y= vi(y)

T u-Zv- (x) = f = dy
( Li:1 L) 200D <o "R u(y)p 1
__C f v ) Yu®) dy

— M ek T u(y)rl

> 2knp(1—p) x 2—kn

p-1
which implies that w(x) 2 €202 5 27K and ([, oy w'P) < 24@D

Hence,

N v; (x) 1— (1 in
fRanfquZvi < C[L&”de-l-l] <.[Rn|f|pwi P) (2knp(=p) 4 p=kn)

=1
1
n n n E
Jlequ v < (J |Tfk|pzvi>
R? i=1 =1 \"R"

For |x| > 2¥*2, we have
P
i=1

By Minkowski’s inequality

00 P
Vi(x) 1— —kn
<cC U}Rn T —_— o dx + 1] URnIfIP w, p) [Z 2k ]

k=0

v;(x) p )
o [

which prove the sufficient aspect of the theorem and hence the results are valid for all n € N and
the proof is complete.
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