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Abstract 
Many researchers have expended their efforts on Hardy-Littlewood Maxima operator but little or 

no work has been done if the operator is acting on a power function.  

In this article, new characterization of Hardy-Littlewood Maxima operator bounded from ��(ℝ�, ��	) to ��(ℝ� , ��	) for weight functions �(	) and some non-trivial �(	) are proved. 

Our novel methods generalized and sharpened Wo-sang Young results to perfection.  
2010 Mathematics Subject Classification: 26DXX, 26D15, 42B25, 47A63 & 52AXX. 
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1 Introduction 

 
Maximal functions are usually expressed in term of the suprimum, with respect to parameters, 

classes of operators, mappings, or transformations. For any given Lebesgue measurable function 
(	) on ℝ, the maximal functions are: 

 ��
(	) = sup {(� − 	)��| � 
(�)���� |: � > 	} and  ��
(	) = sup {(	 − �)��| � 
(�)���� |: 	 > �}.  

 

Also, we let �
(	) = max%&�
(	), &�
(	)' = sup {(� − 	)��| � 
(�)���� |: � ≠ 	} and & be  

the Hardy-Littlewood maximal operator defined by &
(	) = sup)*+ �|,(�,-)| � |
|,(�,-) �.                                                                           (1.1) 

 

where B(x, r) is the ball of radius 3 centered at 	 and |B(x, r)| is its Lebesgue  measure. 

 

Rubio de Francia (1981) observed the following:  
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THEOREM 1.1 

  
Given � ≥ 0 and 1 < 7 < ∞, the following conditions (a) and (b) are equivalent: 

(a) There is � < ∞ almost everywhere such that 

9 |&
|���	 ≤ ; 9 |
|�ℝ< ��	ℝ<                                                             (1.2) 

for all 
 ∈ ��(ℝ�, ��	). 
(b) � ∈ �?@A� (ℝ�) and (� �BCD )EF = G(ℝ�)                    (ℝ → ∞).  

He conjectured that (b) is sufficient for (a). Similar result was obtained by Carleson and Jone 

(1981) and Fefferman and Stein (1971). Also, Wo-sang Young (1982) obtained the necessary and 

sufficient condition for (a) and proved the following result: 

 

THEOREM 1.2 

  
Given � ≥ 0 and 1 < 7 < ∞, there is � < ∞ almost everywhere such that 9 |&
|���	 ≤ ; 9 |
|�ℝ< ��	ℝ<                                                             (1.3) 

is equivalent to 

9 �(	)%1 + |	|�'� �	 < ∞ℝ<  

for all 
 ∈ ��(ℝ�, ��	),  where ; denotes a constant depending only on K and 7. 

 

 Kerman and Sawyer (1989), Oguntuase and Adegoke (1999), Rauf and Imoru (2002) and Rauf 

and Omolehin (2006) obtained some generalization of weighted norm inequalities for integral 

operators.  

 

In this paper, we obtain necessary and sufficient condition on weight function � ≥ 0 such that the 

Hardy-Littlewood maximal operator is bounded from ��(ℝ�, ��	) to  ��(ℝ�, ��	) and 1 < 7 ≤L < ∞ for some  � < ∞ almost everywhere. Occasionally, we shall use M to replace 	1 ⋯ 	K, OM 

to replace �	� ⋯ �	� and similarly for P and OP.   

 

2 Main Results 

 
The statement of the results is as follows: 

 

THEOREM 2.1  

 
Let � ≥ 0 and suppose & is Hardy-Littlewood maximal operator defined by (1.1). For 7(1, ∞) and 7�� + L�� = 1, there exists �(	) < ∞ almost everywhere and ;(K, 7, L) > 0 such that: 
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9 |&
(	� ⋯ 	�)|� Q �R�	� ⋯ �	�
�

RS� ≤ ; 9 |
(	� ⋯ 	�)|�ℝ< �R�	� ⋯ �	�ℝ<                           (2.1) 

 

for any given convex function 
 ∈ ��(ℝ�, ��	), if and only if   9 �R(	� ⋯ 	�)%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	� < ∞ℝ<                                                                                       (2.2) 

 

The inequality (2.1) holds with �R equal to (2.2).   

 

Proof: 
 

Let T denotes a set with positive measure for which � is bounded almost everywhere. Suppose T ⊂ {|M| ≤ �} for all 1 < � < ∞ and let 
 = VW(BE⋯B<,   .E⋯.<).  
Then,  9 |&
(	1 ⋯ 	K)|L Q �X�	1 ⋯ �	K =K

X=1ℝK 9 (VT(	1⋯	K ,   .1⋯.K))L�X�	1 ⋯ �	KℝK  

≤ ; 9 |
(	� ⋯ 	�)|�ℝ< �R�	� ⋯ �	� 

by (1.2) 

                                                         = � �R < ∞W   

for |	1 ⋯ 	K| > �,  we let Y = (&
)(	� ⋯ 	�).  

 

Then,   Y = sup)*+ 1|Z(	, 3)| 9 |
(.� ⋯ .�)|,(�,-) �.� ⋯ �.� ≥ ; |T||	� ⋯ 	�|� 

Hence,  9 |Y|L Q �X�	1 ⋯ �	K = 9 |&
(	1 ⋯ 	K)|L Q �X�	1 ⋯ �	K
K

X=1ℝK
K

X=1ℝK  

= 9 [sup3>0 1|Z(	, 3)| 9 |
(.1 ⋯ .K)|B(x,r) �.1 ⋯ �.K\]
ℝ^ Q �X�	1 ⋯ �	K

K
X=1

 

> [; |T|��\� 9 ∑ �R(	� ⋯ 	�)�RS�%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	�ℝ<  

> [; |T|��\� 9 �R(	� ⋯ 	�)%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	�ℝ<  

 

Since the left hand side of this inequality is finite, so also the right hand side. 
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Hence, 9 �R(	� ⋯ 	�)%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	�ℝ< < ∞ 

which shows that (2.1) implies (2.2). 

 

Conversely, let 

�X = `�(	R)                            if �(	R) ≥ 1 
X                                       if �(	R) < 1 

c 
 

for all X ∈ ℕ 

 

Then,  9 ∑ �R(	� ⋯ 	�)�RS�%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	� ≤ 9 (��(	�) + 1) + ⋯ + (�K(	K) + K)%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	�ℝ<ℝ<  

= 9 (∑ (�R(	R) + X)�RS� )%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	�ℝ<  

≤ 9 ∑ �R(	R)�RS�%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	�ℝ< + 9 ∑ X�RS�%1 + |	� ⋯ 	�|�'��� �	� ⋯ �	�ℝ<                          (2.3) 

Each term of (2.3) is finite, since � ≤ ∑ �R�RS�  and therefore (2.3) is finite. 

 

On the other hand, assume |M| ≤ ℝ we have, Y ≥ ; |T|ℝ<.  We need to establish that there is a 

weight function �(	) finite almost everywhere such that: 

9 |&
(	� ⋯ 	�)|� Q �R�	� ⋯ �	�
�

RS� ≤ ; 9 |
(	� ⋯ 	�)|�ℝ< �R�	� ⋯ �	�ℝ<                           (2.4) 

for all convex function 
 ∈ ��(ℝ�, ��	). 
 

Let �(M) = %1 + |	� ⋯ 	�|�'f��
 and take &(� ∑ �R�RS� ) < ∞ almost everywhere, then, to see this, 

we shall first consider {|M| ≤ ℝ}. For any such M, we have 

sup)gCℝ 13Rh 9 � Q �R
�

RS�|.X�BX|≤3X ≤ C& jQ �RVk|.X⋯BX)|≤ℝl
�

RS� m (	) 

 

= C& jQ �RVk|.X|≤2ℝl
�

RS� m (	). 
We claim that & n∑ �RVk|.X|≤2ℝl�RS� o (	) is finite almost everywhere, since ∑ �R ∈ �?@A� (ℝ�)�RS�  

 

Next assume  3 > � ∈ ℝ, we have 

sup)gCℝ 13Rh 9 � Q �R
�

RS�|.X�BX|≤3X ≤ sup)gCℝ 13Rh 9 ∑ �R(.R)�RS�p�(.)��fqrF �.� ⋯ �.�|.X|≤23X  
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≤ ; 9 ∑ �R(.R)�RS�p�(.)���qrF �.� ⋯ �.�ℝ<  

≤ ;s 9 ∑ �R(.R)�RS�p�(.)�qrF �.� ⋯ �.�ℝ<  

where ;s ≥ ;%1 + |P|�'. 
 

Hence,  &(�R ∑ �R�RS� ) < ∞ almost everywhere. Now, let �R = �R�t&(�R ∑ �R�RS� ). Then, �R < ∞ 

almost everywhere. It is sufficient to show that (2.4) holds for this �R(	). 
 

Let 
 ∈ ��(ℝ� , ��	), and for u ∈ {ℕ ∪ 0} and 
w = 
RVx2y≤|M|<2z{|},the quantity 

 (~ − 	)�� � 
(P)OP�B  is continuous on ~ on the real interval (	, ∞), it follows that ��∗�(	) is an 

open set for any particular positive real number 	. Also, let k%�w(	)', %�w(	)'l be the class of 

disjoint open interval such that ��{�(	) = �wS�� (�w , �w) and T ⊂ {|	| ≤ ℝ} then we have ���(	) ⊆ ��{�(	)��r�(	). 

 

Hence, ����(	) ≤ ���{�(	) + ���r�(	) 

= 	�� j9 
(.)�. + 9 
(.)�.��r�(B)��{�(B) m 

≤ 2	�� 9 
(.)�.���(B)  

In addition, we have 

9 |&
w|� Q �R
�

RS� �. ≤ ;2w�(���)|B|Cfy{q 9 |&
w|��R Q �R
�

RS� �.ℝ<  

≤ ;2w�(���) 9 |
w|�ℝ< & j�R Q �R
�

RS� m �. 

≤ ;2�fw�(���) 9 |
w|�ℝ< �R�. 

Thus, for |M| > 2w��, we have, &
w(M) ≤ ;|M|� 9 |
|fyC|M|�fy{E  

= ;|M|� 9 |
|�R
���R�

��fyC|M|�fy{E  

≤ ;|M|� [9 |
w|�ℝ< �R���\�� [9 �R��fyC|M|�fy{E \��
 

By H�� lder’s inequality, we have, 

 

9 |&
w|� Q �R
�

RS� ≤ ; [9 ∑ �R(M)�RS�p�(M)�qrF �Mℝ< \ [9 |
|�ℝ< �R���\ [9 �R��fyC|M|�fy{E \���
|M|*fy{q  
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To estimate the last factor, we observe that for 2w ≤ |	| < 2w��, which means that 

& j�R Q �R
�

RS� m (M) ≥ ;2�(w��) 9 ∑ �R(P)�RS�p�(P)���qrF OP|�|Cfy  

≥ ;2�(w��) 9 ∑ �R(P) p�(P)qrF�RS� p�(P)���qrF OP|�|Cfy  

≥ 2w��(���) ∗ 2�w� 

which implies that �(M) ≥ ;2w��(���) ∗ 2�w� and n� ����fyC|B|�fy{E o��� ≤ 2w��(���) 
 

Hence,  
9 |&
w|� Q �R

�
RS� ≤ ; �9 �R(M)p�(M)���qrF �M + |ℝ< � [9 |
|�ℝ< �R���\ %2w��(���) ∗ 2�w�'ℝ<  

For |	| > 2w�f, we have  
9 |&
w|� Q �R

�
RS� ≤ �Q j9 |&
w|� Q �R

�
RS�ℝ< m���

wS� �
�

ℝ<  

By Minkowski’s inequality  

≤ ; �9 �R(M)p�(M)���qrF �M + |ℝ< � [9 |
|�ℝ< �R���\ �Q 2�w��
wS+ ��

 

≤ ; �9 �R(M)p�(M)���qrF �M + |ℝ< � [9 |
|�ℝ< �R\ 

 

which prove the sufficient aspect of the theorem and hence the results are valid for all K ∈ ℕ and 

the proof is complete. 
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