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Abstract

Fixed Point Theory is developed during the years by generalizing various types of contractions or changing
the axioms of metric spaces. The S-metric spaces extend the concept of metric spaces since the determination
of axioms of S-metric are more general. In this paper, we prove a common fixed-point theorem of two
mappings in S-metric space. The theorem uses an implicit contractive condition, based on functions of class
Fg. With the change of the form of the functions of class Fg, we obtain different results for common fixed
points of two functions.

Keywords: S-metric space; common fixed point; contractive condition; function of class Fg; weakly compatible
mappings.

1 Introduction

Fixed Point Theory was studied for the first time in 1922 by Stephan Banach [1]. In its publication, Banach [1]
proved the existence and the uniqueness of a fixed point for a contractive mappings in metric space. It had an
importance and role in Functional Analysis, Differential Equations, Physics for its applicable sides. During the
years, many authors ([2-5]) have worked on this direction defining new contractions and new spaces by
generalizing the results of Banach [1].

*Corresponding author: Email: sidite.duraj@unishk.edu.al;



Duraj and Liftaj; AJPAS, 20(2): 40-45, 2022; Article no.AJPAS.91984

In 2012, S. Sedghi et al [1] introduced the notions of S-metric space. The authors in references ([6-8]) showed
some properties of S-metric spaces and proved some fixed points results in these spaces.

Recently, Ozgiir et al [5] and Prudhvi [4] [6] obtained some results in S-metric spaces.

The results related to the fixed points in various spaces are given considering functions that satisfy explicit
contractive conditions. On the other hand, lately some results are verified taking in consideration more general
contractive conditions given in implicit way from Popa and Berinde [8] [9] [10], Duraj and Hoxha [11] [12].

In 2021, Patriciu [7] proved one general fixed point theorem for mappings which satisfy a cyclical contractive
condition using a new type of implicit relation.

In this paper, we prove some common fixed point results for two of weakly compatible mappings in S-metric
space using a new implicit relation. The presented results extend various known fixed points theorems given in
references [8-12].

2 Preliminiries
In this section we present some results related to S -metric spaces taken by various authors.

Definition 2.1: ([1] [2]) Let X be a non-empty set. An S -metric on X is a function S: X3 - R* such that
satisfies the following conditions:

($):S(x,y,zy=0ifandonlyifx =y = z.
($2):S(x,y,2) <S(x,x,a) + S(y,y,a) + S(z,z,a) forall x,y,z,a € X.
The pair (X, S) is called an S -metric space.

Example 2.2: [7] Let X = R be the set of real numbers and S(x,y,z) =[x — z| + |y — z|. Then S(x, y, z) is an
S -metric on R which is named the usual S-metric on X.
0, xX=y=2z

Example 2.3: Let X = R be the set of real numbers and S(x,y,z) = {max{x y,7), otherwise

. Then (X, 5)
is an S -metric space.
Lemma 2.4: [1] If (X, S) is an S-metric space on a nonempty set X, then S(x,x,y) = S(y,y,x) forall x,y € X.
Definition 2.5:
a) A sequence {x,} in (X,S) is called convergent to x, (denoted lim,_,x, =x or x, = x) if
S(%p, Xp,x) > 0aSn - oo,

b) Asequence {x,}in (X,S) is called a Cauchy sequence, if S(x,,x,, x,) — 0asn,m — .
c) (X,S) iscalled complete if every Cauchy sequence is convergent in it.

Lemma 2.6: ([6,8][1] [3]) Let (X,S) be a S-metric space. If x, > x and y, -y then S(x,, xn, Vn) —
S(x, x,y).

Lemma 2.7: ([6,8][1] [2]) Let (X, S) be a S-metric space. If x,, = x. Then limx,, is unique.
n—-oo

Definition 2.8: Let T and g be a self-mappings of a nonempty set X. A point x € X is said to be a common
fixed point of T and g if x = Tx = gx.

Definition 2.9: [13] Let (X,S) and (X', S") be two S -metric spaces and let f: (X,S) - (X', S") be a function.
Then f is said to be continuous at a point a € X if for every sequence {x,} in X, completes S(x,,x,, f(a)) =
a, implies S'(f (x,), f (xn), f(@)) = 0. A function f is continuous at X and if and only if it is continuous for
everya € X.
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3 Main Results

In this section, we prove some new results for implicit function of class F¢ in a complete S-metric space.

Let us consider the class F¢of all the functions lower semi-continuous F: R§ — R that satisfy the following
conditions:

(F4): F is non decreasing in t;
(F;):There exists ke[0,1/2) such that forall w,v = 0 F(u,v,v,u,0,2u + v) < 0 implies u < kv.
(F3):F(t,t,0,0,t,t) >0, vt > 0.

In Example 3.1 we show various functions of class F.

Example 3.1:[7]

Q) F(ty,ty ..,ts) =t, —at, — bty — b max{ts, ty, ts, ts} Where a,b > 0 and a + 3b < ;

b) F(tyta . te) = ty — at, — bty — ct, — dmax{ts,ts} where a,b,c,d > 0anda+ b +c +3d <.
C) F(tyty . ts) = t; —at, — dmax{ts t;} — bt — cte, where a,b,c,d 2 0and a +3c +d <=,
d) F(ty,ty . te) = 1 — amax{ty + ts, ts + ts} — bty where a,b > 0 and 4a + b <=,

€) F(tyty ., te) = ty — kmax{ts, ts, ty, ts, ts} where ke[0,2).

f)  Ftuty .. te) = t; — k max{ty, ts, t, =%} where ke[0,5).

In following we prove a new theorem for a couple of functions that satisfy an implicit relation using a map of
class Fg.

Theorem 3.2: Let (X,S) be a complete S-metric space and let T, g: X = X when T is continuous in X. If the
inequality:

F(5(Tx,9y,9y),S(x,y,y), S(x,Tx,Tx),5(y, 9y, 9¥), S, Tx,Tx),S5(x, gy, gy)) < 0 1)
holds for all x, yeX and FeF, then T and g have a common fixed point in X.
Proof: Let x, be an arbitrary point in X. Then x; = Tx, and x, = gx;.
By the condition (1) of the Theorem 3.2 for x = x,, y = x;, we have

F(S(Txg, gx1, 9%1), S (xg, %1, %1), S (%, Txg, Tx0), S(x1, gX1, g%1),
S (x1, Txg, Txo), S (X0, g%x1,9%1)) < 0

F(S(xq, %2, %2), S (X, X1, X1), S (X0, X1, X1), S (X1, X2, X3), S (X1, X1, X1), S (X0, X2, %2)) < 0
Considering (S,) and Lemma 2.4, we have

S (X0, X2, %2) = S(X2,X2,X0) < S(X2,X2,%1) + S(x2, X3, x1) + S(X0, X0, %1) = 2 S(x2, %2, %) +
S(xg, %1, %1).

Using (S;), we have S(x;,x1,x;) = 0.
Consequently,

F(S(x,x3,%2), 5 (%0, %1, %1), S (X0, X1, X1), S (X1, X2, %2), 0, 25 (x4, %2, %) + S(xg, %1, %1)) < 0.
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By (F,) exists ke|0, %) such that S(xq, x5, x3) < kS(xg, X1, %1)-

Continuing this process, we can define inductively the sequence {x,,} as follows:
Xon+1 = TXon aNd X0 = gXop_y.
Replacing x = x,, and y = x,,,, in (1) we have:

F(S(Tx20, 9X2n+1, 9%n+1)» S (X2ms Xan+1, Xan+1)s S (X2n, TXop, TX2),
S(Xan+1 9X2n+1 9X2n+1)r S Xant1, TXon TX20), S (Xon, 9X2n+1, 9X2n41)) < 0.

F(S(Xan+1, Xan+2) X2n42)r S (Xon Xon+ 15 Xon+1)r S (Xon, Xon+ 1) Xon+1))
S(Xon+1 X2n+20 X2n42)r S (X2n+ 1) X2n+1, X2n+1)S (X2, Xan42) X2ns2)) < 0.

Using (S,) and Lemma 2.4, we have:

S(Xan X2n42, X2ns2) = S(Xant2, Xans2 Xon) < S(Xons2) Xantzs Xone1) + S (Xanizr Xans2) Xane1) + S(Xan Xons1, Xans1
= 28(Xan42) Xan+2, X2n41) T S(Xan Xont+1) X2ne1)

S(X2n+1) X2n+1, X2n41) = 0.

So,

F(S(X2n+1 Xan+2 X2n+2)5 S (Xan, Xons 1, X2n+1)5 S (Xans Xons1, X2n+1)5 S (Xans 1) Xon+2) X2n42), 0,
28 (Xon+2) X2n+20 Xane1) T S(Xon Xon+1) X2n41)) < 0.

Due to (F,), there exists ke[O0, %) such that S (%5141, X2n42) Xonaz) < kS(Xon, Xont1, Xans1)-

Similarly, we obtain S(x2,, X2n+1, X2n+1) < kS(Xon—1, Xom Xan)-
Hence, we have

S(Xan+1s X2n+2 Xane2) < KS (Ko, Xona1, Xons1) < K2S(Xon—1, Xom, X2n) <. < KPS (Xg, X1, X1),
where neN; 2)
or S(Xp, Xpi1, Xne1) < k™S (xg, x1, x1) Where neN. 3)
Let us show that the sequence {x,,} is Cauchy. Using (S,) we have:

S(xn' Xn, xm) = S(xm' xm, xn) S S(xm' me xn+1) + S(xm, xm, xn+1) + S(xn! xn+1' xn+1) S

< 2 S(xm' xmﬁxn+1) + S(anxn+1' xn+1)

< 25Xy Xy Xpar) + k™S (%0, X1, X1)

< 2[S(Xms Xomy Xng2) + S Xy X, Xng2) + S (g1, Xns1s Xpa2) ] + K (g, %1, %1)

< 2285 (X, Xy Xmaz) + 2™ S (g, X1, %1) + k™S (g, %1, %1) < -+

< 2mnmlpm=lQ (o xg, xq) + 22 K28 (x, X0, %1 ) + oo+ 26MTES (g, x4, 1) + KPS (g, X1, %1)

= [(2K)™ 1 + (2k)™ "2 4 2k + 1] k™S (%, %1, X7)

[2K)™"-1]
= Zk——lkn S(XO, X1, Xl).

Taking limit when n,m — oo and since ke[0, %), we have that lim,, ., S (x,, x4, X,) = 0, hence the sequence
{x,} is Cauchy [13-19].
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Since (X, S) is complete, it follows that {x,,} is convergent to a point ueX. So the lim,,_,., S(x,, x,, u) =0 (4).
We have to prove that u is a common fixed point of T and g.
For x = x,, and y = u by (1) we obtain:

F(S(TxZn' gu, gu)v S(xZn' u, u)' S(xva Tx2n! TxZn): S(u’ gu, gu)! S(u: TxZn: TxZn):
S(x2n, gu, gu)) < 0.

F(S(xX2n+1, gu, gu), S (Xap, U, u), S (X2, X2nt1) X2n+1)s
S(u, gu, gu), S(U, Xzn 41, X2n41), S (X2n, gu, gu)) < 0.

By taking the limit when n — o0 and using (3) and (4), we have:
F(S(u, gu, gu), S(u,u,u), S(u,u,u),S(u, gu, gu), S(u, u,u),S(u, gu,gu)) <0
F(S(u, gu, gu); 0; 0;S(u, gu, gu),0,S(u, gu,gu)) <0

Using (F;), we get
F(S(u, gu, gu); 0; 0;S(u, gu, gu),0,25(u, gu, gu)) <0

Considering (F,), we obtain  S(u,gu,gu)) <k-0=0 and S(u,gu,gu)) = 0 and by (S;) it follows that
u = gu. Hence u is a fixed point of g.

Since T is continuous form (4), we have that lim,,_,., S(x2,,, X2, u) = 0 and we get lim,,_,., S(Tx2p, TX3,, TU) =
0.

But 0 = lim S(Tx5,, Txgn, Tu) = limy, . S (X3n41, Xone1, TW) = S(u, u, Tw)
n—-oo

From (S;) we have Tu = u and u is a fixed point of T. Hence u = gu = Tu is common fixed point of T and
g.

Remark 3.3. If we take, T = g then the above theorem reduces to Theorem 3 of [7].

Remark 3.4. By taking different functions FeFg (see Example 3.1) in Theorem 3.2, we obtain various results
for the existence and uniqueness of a common fixed point for two functions in S-metric spaces.

4 Conclusion

In this article, there are studied some fixed point results in S-metric spaces. The highlight of this paper is
Theorem 3.2. in which there is proved the existence and uniqueness of a common fixed points of two functions
in S-metric space which satisfy an implicit contraction using maps of class F. Furthermore, in Theorem 3.2
there is taken only one of the functions continuous, concretely the function T while for the function g the
continuity does not need.

In addition, by taking different maps from Example 3.1 and replacing in Theorem 3.2, there are obtained various
results about the existence and uniqueness of a common point for two functions in S-metric space.
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